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ABSTRACT
An algorithmis proposedor determining small-samplecon dence
intenals for the difference - of two binomial succesprobabilitiesbasedon

and trials,respecirely. Theintenal coversthetrue with probabilityat least

for all ; it is invariantwith respecto relabelingof the two populations
andwith respecto interchanginghe outcomesf succesandfailureintenals. Coverage
and expectedlength comparisonsare madewith the small sample tail

intenals of SantnerandSnell (1980). A FORTRAN programimplementingthe algorithm

is availablefrom theauthors.

1 Intr oduction and Summary

In medicine biology, andotherareasof scienti ¢ inquiry oneis oftenfacedwith the prob-

lem of comparingwo binomialsuccesgrobabilities and , basedon
independenbbsenrations B( , )and B( , ). Althoughthe comparison
is sometimegnadeby meansof the hypothesigest versus ,



mary practitioneroftenrealizethis formulationis inappropriateshouldthey reject  and
thendesireto make a strongetinferencethan . Thusmary statisticiansheginning
with Corn eld (1956),have suggestedhat scientistformulatetheir treatmentomparison
problemsasoneof interval estimationof anappropriatescalarfunctionof and . Three

guantitiesoftenusedto compare and are:
() theoddsratio ,
(i) therelative risk , and

(i) thedifference

Theoddsratio is perhapghe mostdif cult of (i) - (iii) to interpretalthoughit is the easiest
for whichto form con denceintenals. Corversely and aremoredif cult to construct
con denceintenalsfor but easietto interpret.

This papemproposesnalgorithmto constructnvariantsmall-samplecon denceinter
valsfor ; theproposedntenals attainat leasttheir nominallevel for all ( ),
andareinvariantwith respecto theinterchangeof and aswell asthe de nition of

succesandfailure. Formally, the intenals constructecbelown satisfythe coveragere-

quirement
_ B 1)
forall , and , :here = , ,and__ and  arethe
lower andupperlimits of thecon denceintenal at = , respecirely. Thenotation
indicatesa probability calculatedvhen fori=1,2.

Thecomputetintensve methoddescribedn this papercomplementhe previouswork
on large-samplantenalsfor . For example,Beal (1987)compares ve large-sample
intenalswith respecto their coverageprobabilities.Of course gventhe bestlarge-sample
intenal is anticonserative for sufciently small , andextreme( , ). Toillustrate,
Figure 1 displaysthe anticonseratism of the (large sample)nominal 95% Jefrey-Perks
(JP)intenval (Beal,1987;p. 945). Thehorizontalaxisis andtheverticalaxisis thelower

envelope

JPinternval  p suchthat



Figurel: Plotof JPInterval where for nominal
Con dencelntenalswhen

for agrid of valueswhen . The JPintenal's coverageprobability is
particularlyaffectedfor extreme or . Theiteratvely computedViee(1984) intenals
describedn Bealaresimilarly anticonserative.

SantnerandSnell(1980)andmorerecentlyCoeand Tamhang1991)have considered
theproblemof determiningsmall-sample (and ) con denceintenvals. SantneandSnell
(1980) constructedwo computationallyfeasibleintenals (a “conditional' intenal and a
“tail' intenal) and,in principle,athird intenal whichis too comple to becomputationally
competitve. For later comparisonthe endof this sectiondescribedail (T) intenals, the
superiorof the two computationallyfeasibleintenals. Somecomparisonswith Coeand
Tamhandg1991)intenalswill begiven.

Theiteratively computedntenal proposedn Section2 is computationallyfeasibleand
generallylessconserative thanthe SantnerandSnell T intervals. Section3 establishethe
invariancepropertiesof the proposedntenals and comparegshemwith thoseof T inter
vals. Sectiond comparegshe expectedengthof the proposedandT intenalsin a specic
exampleanddiscussesur computationaéxperiencewith aFORTRAN 77 programwhich
implementghe Section2 algorithm. The remainderof this sectionreviews brie y aspects
of the one-dimensionalCrow (1956)algorithmfor determininga con denceinterval for
asinglebinomial ; theseideaswill berequiredin our analysisof the two-dimensional

problem.



Every conserative con denceintenal for p, , basedon
single sampledata resultsfrom inverting a family of acceptanceegions

; theregion A( ) correspondso a size testof

versus . Thus
(2)
for where indicatesa probability calculatedunder
Tail intervals for use totest where
is the largestinteger for which and is
the smallestintegerfor which (ClopperandPearson1934). 1t is
straightforvardto shav inversionof the setof yields  ~ de nedby
, andotherwiseby - . Thecritical feature

of thetail methodis thatfor eachoutcomey, therebede ned setsof outcomeg“upperand
lower tails”) which are“more extreme”thany and*“less extreme”thany. In the binomial
problem, and arethe“upper” and“lower” tails correspondingo the
outcomey, respectrely.

For thetwo-samplebinomial intenal problem,SantneandSnell (1980)de ne tails

correspondingo the outcomex by and
where . In words,
(69] is the setof outcomesconsistenwith point estimateof — atleastaslarge

(small)asthatsuggestedby x .

Returningto the one-sampléinomial problem,Sterne(1954)proposedising“most

probable’(MP) acceptanceegionsfor versus . de ned by (2) and

for andj . It is straightforvard to shaw
his arealsoof theform and have minimum cardinalityamong
all acceptanceegions. Sternes intuitive motivationfor this systemwasthat

shorterintervals shouldresultfrom inverting smaller
Crow (1956)shaws, by example,that unfortunatelySternes neednot invert to

intenals. Crow alsoprovesthata necessarandsufcient conditionfor intervals to result



from inverting acceptanceegionsof theform is Equation(3).
mustbe non-decreasinm 3)

Crow (1956)andBlyth and Still (1983) usealgorithmicmethodsto constructacceptance

setswhich guaranteg3). They x a partition andit-
eratvely construct so that and are nondecreas-
ing in . In addition, with but a few exceptions,their containthe samenumber
of pointsasdo Sternes MP acceptanceegions. Their algorithmsforce the to be
smallby constructing from by rst trying to eliminatepointsfrom
(set and ), or if not possibleby substitution(set
and , or if notpossiblethenonly by theaddition
of apointto (set and . Theexactdetailsof the

algorithmcanvary. A linearordermustexist amongthe sampleoutcomego construcsuch

analgorithm.

2 The Algorithm

2.1 Overview

Thealgorithmin Section2.2 adaptsCrow's techniquéo this nuisanceparameteproblem
by constructing acceptanceegionsfor anincreasingsequencef values.
Herewe regardthe parameteras and(the nuisancequantity) ratherthan and ;

for xed , rangesover de ned by

We let denotethe probabilitythat isin  when and

The rst decisionthat mustbe madeto de ne the algorithmis to selectan (arbitrary)

linear orderfor the bivariateoutcomes . This paperordersx correspondindo in-
creasingvaluesof , theestimated valueatx. Secondfor each
it mustbe notedthatthe acceptanceegion for testing versus



mustbe constructedo have minimumcoverageat least overthenuisance

parameter . Last,thealgorithmbelaw is usedto computeintervals only when
. When wede nethe intenal at by
_ B - _ (4)
where
denoteshepointwith coordinateseversed, , andtheintenal ontherighthand

sideis produceddy thealgorithm. Theintuitive motivationfor (4) is thatthepointestimates
at and for theproblemswith samplesizes and , respectiely, satisfy
which suggestdhe intenal
shouldhave the analogousproperty It will be proved belown that (4) andan appropriate
constructionwhen guaranteethattheintervals are consistenunderinterchange
of populationlabels. Furthermorethe intervals arealso constructedo be invariantwhen
successeandfailuresareinterchangedThis is madeprecisein Theorem3.1which shawvs
thatStep4.1 of thealgorithmandthe constructiorof A(0) insurethis property
Formally, the algorithm rst partitionsthe samplespace
and into equivalenceclassesas follows. First, obsere the dis-
tinct valuesof include andaresymmetricallydistributedaboutzerosince

. Thuslet

bethedistinctvaluesof for . De ne theequvalenceclass

by

for . For example, correspondso and
correspondso +1. By construction, and

when



Thealgorithm x esapartition

(5)

of [0,1] into sufciently mary piecesto guarantedhe desiredaccurag; e.g.,the mesh
of 100 pointsguarantee&- placeaccurayg. For

it constructsa acceptanceegion correspondingo

versus ; acceptanceegionsfor areformedby symmetry Each

is de ned to have theform

(6)
where
and,when (7
Thustheestimated valuescorrespondingo aretheconsecutie sequence
(assuming . Furthermoretheregion is determinedy moving
to the“right” in the sensehatthe endpointssatisfy
(8)
9)

(8)-(9)is theanalogof (3).
The algorithmrefersto a genericmethod,“rule R”, of choosingsubsetsof and
in Steps0.2,2.1,and3.1. Several choicesareconsideredn Section2.3 andthe

propertiesof the resultingintenals arestudiedin Section3. Throughoutthe remainderof

the paperet
for and ; alsolet bethesetdifferenceof
A andB.



2.2 Statementof the Algorithm
Step0. [Initialization]

0.1 Partition ][0, 1] by
0.2 Determine by rule R andseti = 1.

0.3 Goto Stepl.
Stepl. [Induction]

1.1 If i = m+1,thengoto Step4. Otherwiseassume

satis es(6)-(7) where , and
1.2 Set( , , , and
1.3 1If thengoto Step2, otherwisego to Step3.

Step2. [Elimination]

2.1 Set where is de ned by RuleR.

2.2 If thengo to Step2 aftersetting andmodi-
fying s(i) and to satisfy(6)- (7).

2.3 If thenset andgoto Stepl.
Step3. [Addition]

3.1 Set where is de ned by RuleR and
modifying and to satisfy(6)-(7).

3.2 If thengoto Step2; otherwisego to Step3.

Step4. [Completionandinversion]



4.1 For set

4.2 Set

Severalaspect®f thealgorithmdesere comment.First,in the Crow- Blyth-Still spirit,
it triesto form smallacceptanceegionsandtherebyshortcon denceintenals by deleting
(adding)pointsfrom (to) A( ) with small(large) probabilitiesconsistentvith (8)-(9).

Secondthe acceptanceegionsde ned in Step4 arelevel ). By construction,

for . As de nedin Step4.1,for and
for ary

Thesecondequalityholdsby calculationthethird by de nition of A( ), andtheinequal-
ity holdssince
Third, we claim that the algorithm mustterminate;this requiresa technicalanalysis

whichis givenin the Appendix.It is provenby shaving thatin Step3 therealwaysexistsa

setC to augment sothat for
Lastly, the acceptanceegions mustsatisfy(8) and(9). This
follows by constructiorfor andby symmetryfor since



2.3 Construction of A(0), Elimination and Addition Sets

A rulefor constructing andaddition-deletiontheinvariantrule, is proposed A com-
putationallysimpleralternatve, the nave rule, will be mentionedat the endof the subsec-

tion; however, the nave rule generatesvider intenals.

Invariant Rule

Theideaof this ruleis to deletepointswhich decrease aslittle aspossible
andaddpointswhichincrease asmuchaspossible.
Casel:

: Choose containing  andof theform (6)-(7) satisfying:(a)

, (b) containsasfew additionalpointsaspossible and(c)
(10)
Elimination Given and of form (6)-(7) satisfying
, let where satis es
(11)
Additiort Given and of form (6)-(7) satisfying
, let where satis es
(12)
Case2:
. Choose containing  andof the form (6)-(7) satisfying: (a)
, (b) containsasfew additionalpointsaspossible,and
(c)
(13)
Elimination Given and of form (6)-(7) satisfying
, let where satis es
(14)

10



Additiornt Given and of form (6)-(7) satisfying

, let where satis es
(15)

Breaktiesin the selectionof x usingcriteria(11)-(16)by choosingthe valueof x with the
smallestexicographicorderin

Theintenals producedby Algorithm 2.2using  will becalledCl intenals. When

, is constructecdy setting , initially. If (10) holdsfor thetrial set

thenset equalto it is straightforvardto verify that satis es(6)-(7) (take

, , , and ) aswell as(b)-(c). For example,to prove (b) we
needonly notethatif then . If (10)fails for then,in the next and
in all subsequendtages, satis es(6)-(7) with unless . In this caseadd

to  where satis es
(16)

until (10) holds. Notethat  is not emptyin the eliminationsteps(11) and (14) nor is
emptyin the additionsteps(12), (15), and(16). Thusnoneof the maxima(11)-

(16)is vacuous.

When , then and , , and areall legitimateoutcomes.
Theset consistsof eitherl, 2, or 4 distinctpoints. For example,
if and then
consistof 2 points. The set is constructedn a similar fashionto thatwhen
All maximaarewell-de nedsince and are nite andnonempty . When

, theentireset
Unlessthe nominalcoverageis very low, will containpointsin additionto those
in . Also at eachstepthe rule myopically attemptsto force the modi ed version
of to besmallby choosingalargeset andasmallset subjectto insuringcertain
consisteng properties.
Now considerpropertiesof the acceptanceegionsproducedoy . By construction

guaranteethat satis es

17)

11



for all . FurthermoreStep4.1 guaranteefor that satis es

(18)

When ,  Quarantees
19)
holdsfor all x andall . It will beshavn belav that(19)is key for invariance(4) to hold
when . Howeverif the -Casel ruleis appliedwhen , then(19) neednot

hold. Whatis trueis thatthe equality

shavsthat x mustenteror leave theregion for the problemwith samplesizes n accord-
ing asx entersor leavestheregion for the problemwith samplesizesn. Thusthe setof
pointstied to enteror leave the acceptanceegion ateachstages consistentinderproblem
relabeling.However (19) canfail whentherearetiesin thechoiceof pointssatisfyingeEqua-
tions (11)-(14)sincethe selectionis madeaccordingto lexicographicorder In particular

when , theequality

shaws thattwo points( and ) correspondinghesame  will de nitely betied for
entranceanto, anddeletionfrom the acceptanceegion. Thusthethe modi cationsin Case
2 of thede nition of  arerequiredsothat(19) holds.

Oneothermethodof choosing -addition-elimin&on ruleswill bementioned.This
rule hasthe virtues of computationakimplicity and invarianceunderboth relabelingof

successesfluresandpopulationsat the costof wider intenvals. Therule addsanddeletes

only entireequivalencesets . Thusevery is a union of consecutie equivalence
sets
NaiveRule

: Usetheminimal setof theform which satis es

12



Elimination/Addition Deleteand add entire equvalencesets  (i.e., set and

in thealgorithm).

Formally theinitial set has ,and . is
constructedy setting if or, if not, thensuccesskely adding
pairs and totheprevioustrial setuntil (10) holds.

is simpleto implement.lt is straightforvardto checkthat(18) and(19) holdfor
acceptanceegions. It will beshavn belav that(18) and(19) guaranteeghe corresponding
con denceintenals, calledCN intenals hereafterhave several desirablenvarianceprop-
erties.However, CN intenalsareohviously conserative comparedo Cl intervalsandthus
arenot considered practicalalternatve. The next sectioncomparesnvarianceproperties

of T intenvalswith thoseof Cl intenals.

3 Invariance Properties

We rst studythe invarianceof T andCl intenals underthe relabelingof the outcomes
successandfailure. Intuitively, sincethedifferenceof thetwo succesgrobabilitieschanges
signwhensuccesandfailureareswitched,onewould hopethe con denceinterval would
exhibit the sameproperty

Theorem 3.1 T andCl intenals satisfy

N N (20)

for all

Proof. SantneandSnell(1980)prove T internvals satisfy(20). To seethatCl intenalsalso

satisfy(20), obsere that

13



The rst equalityholdsby de nition of _, thesecondsince for all i, thethird

from thefactthatfor all , if andonly if , andthelasttwo
equalitiesby algebraandthe de nition of . Thecharacterizatioof
holdsfor by constructiorandfor by Step4.1. Thelower limit follows

by asimilaragument.

Remark 3.1 Equation(20) alsoholdsfor CN intenals sincetheir acceptanceegionssat-

isfy if andonly if forall and
Both T andCl intenalsareconsistenunderrelabelingof populations.
Theorem 3.2 T andCl intenals satisfy
(21)
for all andall

Proof. The proof for T intenals is straightforvard from their de nition. Equation(21)
holdsfor CI intervals when by de nition (4). For CI intervals when it
sufces to consideronesetof endpointdn (21) sincethe otheris proved analogouslyWe

have

wherethe rst equalityis by de nition of , theseconds by Step4.1,thethird is by (19),
thefourthis by algebraandthelastis by de nition of __ andthefactthat

Remark 3.2 Clintervalscouldbealternatvely constructedor in suchaway that

Theorem3.2 heldwhen . This resultcould be proved for by the same

14



argumentasin the case , provided that the analogueof (19),

, weretrue. Thelatteris usedto establishthe third equalityin the
proof of Theorem3.2. This characterizationwould hold, for example,if the acceptance
regions for were de ned in termsof thosefor the problemwith samplesizes

reversecby

Both T andCN intenals satisfy

(22)

wheneer x andy have thesamepoint estimatej.e., . Intuitively, (22)is a
measuref the “coarsenessbdf theinternals producedoy both systems.The sameintenal
is producedvheneer x andy have the samepointestimate Thereasoris thateachsystem
is basedon the samesetof acceptanceegionswhen . CNintenalsaddand
subtractonly entire equivalenceclassedo acceptanceegions. T intenals have the same
acceptancsetssincex andy have the sametails. Cl intervals neednot satisfy(22).

When and , andbothbinomialsare
estimatedvith equalprecision.Thesesuggestheinterval shouldbe symmetricaboutzero

in this case.

Theorem 3.3 If thenT andCl intenvals satisfy

N (23)
for all outcomes

Proof. Tail intervals satisfy(23) since

by (22)

wherethe secondequalityholdsby Theorem3.1. The rst equalityalsoholdsfor Cl in-
tenals by (19) (or equivalently by (20) and(21)) while the seconds true by Theorem3.1.

Remark 3.3 Equation(23) alsoholdsfor CN intenalsby thesamestepsproving theresult
for T intervalswherethe rst equalityholdsby (22) andthesecondy Remark3.1.

15



4 Comparisons

Firstsomecomparisonsf Tand internvalswill bemadeandthensomebrief comparisons

of andCoeandTamhaneantenalswill bestated.

4.1 Comparison of Tail and Invariant Intervals

This sectioncompareshe operatingcharacteristicef the T andCl intervals. Both achieve
at leasttheir nominal level for ary n and p, and Section3.1 proved both possessntu-
itive invarianceproperties.For two speci ¢ problems,onebalancedandone unbalanced,
theachieved coverageprobabilityandlengths(expectedandoutcome-by-outcomeyill be
comparedThensomegenerakonsiderationsvill bediscussed.

Figures2 and3 plot the differenceof theachieved coverageprobabilities

T intenal Cl intenal
for nominal95%intenals for and , respectiely, for
the grid and . Both systemsof intenals achieve at least95%
coveragefor all ; in principle, the differencecan either positive or negatve. The

gures shav thatthe T systemof intenals aresubstantiallynore conserative thanthe ClI
systemintenalsthroughouthe parametespace Comparisorof the Figures2 and3 shawvs
thatthe T intenalsaremoreconserative thanthe Cl intenvalsin the balancedcasebecause
thedifferencesaregreaterin this case.

Theexpectedengthof ary systemof outcomess a weightedaverageof thelengthsof
theinternvalsover all outcomesA comparisorof thelengthsof the T andCl intervalsshav
that the latter are uniformly shorterthanthe former over all outcomesy when ( )=
(15, 5). When( ) =(10,10),ClI internvals areshorterthanthe T intenals for all but 8
out of 121 (central)outcomesihe reversalsoccurfor “central” outcomesn the
lattice spaceof outcomesin general Cl intenalswill be shorterthanT intervals for most
outcomesvhenthe nominalcon dencelevel is large becausd intervals mustaddentire
equvalenceclasses.

To compareheexpectedengthsof theintenalsde ne and to

bethe expectedengthof the T andCl intenals, respectiely, whenp is thetrue vectorof

16



Figure 2: Plot of T intenal Clintenal for nominal
Intenalswhen

Figure 3: Plot of T intenal Clintenal for nominal

Intenalswhen

probabilities.Figures4 and5 plot versus for thecases
and , respectrely, atthesame ) grid asFigures2 and3.

In all case<Cl intervals aresuperiorto T intenals. In the balancedcaseCl intervals have
thegreatesimprovementover T intenalsattheedgesof p spaceandtheleastimprovement
in the centerof p space Thesituationis qualitatively differentfor theunbalancedasewith
theleastimprovementattheedgesandoverallamorenearlyconstantlifferencan expected
lengths.

Thetwo casediscusseabore aretypical of thoseexaminedin detail by the authors.

While bothCl andT intenals have identicalinvariancepropertiesCl intenalsaresuperior

17



Figure4: Plotof Lengthof TM Lengthof CI for nominal Inter
valswhen

in termsof both coverageandlength. However T intenals do have sereral attractie fea-
tures. First, T intenvals are computedor each separatelyvhile ClI intenvals must
essentiallybe simultaneouslycomputedfor all . Second,T intenals are simpler
to computethan CI intenals sincethey requiremaximizationof a polynomialin ~ (for
each ) which canbe performedby determiningthe zeroesof the derivative polynomial.
The latter is not a practicaltechniquefor constructingCl intenals. A third featureof T
intenals not necessarilypossessetly Cl intenals is their monotonicityin . Suppose
o isa intenal atx for  for andthat

Thenoneexpectstheintervals with large coverageshouldcontainthosewith low coverage

for all outcomesi.e.,
(24)

Tail intenvals satisfy(24) becausef the monotonicityof L(E, ) for tail setsk. Tablel is
anexampleshaving (24) neednot hold for Cl intenals.
The reasonwhy CI intervals canviolate (24) is that Algorithm 2.2 forms acceptance
setscontainingx with assmallaspossible;it doessobecausét deletegpointsfrom
wheneer possible,andaddspointsto  only whennecessaryGeometricallythe ac-
ceptanceegion tendsto stayin the“northwest’portionof . At theexpenseof additional
calculationthe algorithm can be modi ed to male violations of (24) lesslikely. Some

alternatve proposaldor acceptancesgionswill bediscussedn Section5.

18



Figure5: Plotof Lengthof TM Lengthof CI for nominal Inter
valswhen

Tablel: Valuesof and for Nominal Cl Intenals When

.05‘_-.545 ‘ 210

10| -.426 420

4.2 Comparisonof and Coeand Tamhanelntervals

CoeandTamhan€1991)proposeanalgorithmfor constructinga systenof intenvals (which
we will denoteCT intenals)for satisfyingthe sameinvariancepropertieqstatedn
Theorem3.1-3.3)as intenals. While thealgorithmfor the  intenals beginswith the
acceptancsetfor thecentralvalue andmodi es it for subsequent valuestheCT
algorithmbegins with thesmallest valuein the selectedgrid of  valuesandmodi es
this acceptancdor larger values. The netresultis that centraloutcomes(i.e., those
consistentvith estimated valuesnearzero)tendto occurmoreoftenin the acceptance
setsforthe  intenalswhile sampleoutcomesonsistentvith moreextreme outcomes
tendto occurmoreoftenin theacceptanceetsof theCT intenals. This effectis seenin the
threeexampleq , and ) for whichthey reportcomparisonsCT intenvals
tendto be shorterthan  intenals in the “central” part of the outcomespacewhile

intenalstendto be shortedfor outcomesn the “northwest” and“southeast’cornersof the

19



outcomespace CoeandTamhaneeportthattheirintervals have shorteraveraglengthover
all theoutcomeghan intenalsfor thesethreeexamples.
Onthe otherhandCT intenals requiremoretime to computethan  intenals. Coe
andTamhaneeportthat CT intenvals require4 timesasmuchtimeas  intenalsfor the
problemand8 timesasmuchtime for the problem. They conjecturethe
differencewill increasexponentially Our conclusionis thatCT intenalsfall betweerthe
partitionmethodntenalsof SantneandSnell(1980)andthe  intervalsin computational
complity. The computationatime of partition methodintenals increasegxponentially

in andarenotfeasiblefor practicalwork.

5 Discussionand a Worked Example

First somecommentsaremaderegardingthe useandrunningtime of the FORTRAN sub-
routinefor computingCl intenalsavailablefrom theauthors.Thenanexampleis givenand
concludingemarkgresentedboutpossiblenodi cationsto thebasicalgorithmpresented

in Section2.

5.1 Remarksaboutthe FORTRAN Program

A FORTRAN subroutineavailablefrom the authorsimplementsthe Algorithm of Section
2 for with . Thepartitionof the  axis(whichdetermines
theaccurag of theinterval) mustcontainno morethan1000points. Thefunction

is approximatedasthe minimumvalueover ; the codeconstrainghis  partitionto
containnomorethan1000points. The progranrequiresabout6 (23) second®f Decstation
5000 CPUtime to calculatethe family of 95% CI intenals for all 121 (441) outcomes
when andapartitionof size200is usedfor boththe and

axes.

5.2 An Example

Fisher(1935)studiegheeffectof geneticoncriminaltendencieby recordingthenumbers
of twinswho arealsocriminalsfor 17 criminalswho have dizygotictwinsand13 criminals

who have monozygotidwins. The proportionsof twins in the dizygoticandmonozygotic

20



groupswhoarealsocriminalsare2/17=.12and10/13=.77,respectiely, with anestimated
differenceof (2, 10)=-.65 for the two groups. Table?2 lists the 95% T andCl intenals
forthetrue . TheClintenalis interiortotheT interval with the Cl intenval having length

.51andtheT intenal length.57.

Table2: T andCl Intenalsfor Basedon Fishers Criminal Twin Data
Method | _ |
T -.873 | -.306
Cl -.848 | -.335

5.3 Concluding Remarks

Thealgorithmpresentedn Section2 doesnot performsubstitution(checkingfor the exis-
tenceof equalsizedacceptanceegionsmeetingthe probability requirementindchoosing
amongthembasedon a criteriasuchasbalanceof the “tails’). Blyth andStill (1983)found
that,for testing , choosingamongthe family of equalsizedacceptanceegions

the which minimizesthetail difference

producedhe systemof intenals which mostnearlyhadthe additionalintuitive properties
thatthey wereincreasingin , andhad endpointsincreasingin . Intuitively, the effect
of notimplementingsubstitutionis thattheintenal endpointschangemoreslowly thanif
substitutionis allowed.

Thussereral analogsof substitutionby “tail balancing'wereimplementedor the ac-
ceptanceaegions beforerecommendinghe algorithm of Section2. For example,
if with is constructecby
the algorithmin Section2, thenwe consideredlternatve acceptanceegionsobtainedby
substitutingy in thecomplemenbf  forxin  andchoosingas theregionwhich

minimizes

lower tail of upperof
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However empirical comparisonf the systemsof intenals producedby the Section2
algorithmwith thesemodi cations shaved noneof the variantsproducedintenals with
markedly superiormonotonicitypropertiesn or . Of courseall requiredgreatercom-

putationaltime. In part,the dif culty is causedy the presencef the nuisanceparameter

SantnerlandSnell (1980)shav how tail intervals canbe constructedor therelative risk

. Theresultsof this papersuggesCrow intenals canalsobe expectedto be
superiorto the tail intenals. Oneproblemin constructingsuchintenalsis that ranges
overthein nite intenal ratherthana nite one.However Crow typealgorithmscan

directly be constructedor amonotondunctionof which hasboundedangesuchas

Finally, we notethattherearecircumstances whichit is reasonabléo considerinter-
vals satisfyinga modi cation of the basiccoveragerequiremen{1). Oneobvious caseis
whenthereis prior informationaboutthelocationof and which canbewrittenin the
form of adensityfor thenit is straightforvardto determindghe correspondingrior

density . In this caseit is reasonabléo requirecon denceintenalsto satisfy

Evenin theabsencef prior informationit mightstill be reasonabléo wealen (1)

by only requiring

Fujino and Okuno (1984) develop systemssatisfyingthe latter requiremenfor the one-

samplebinomial problem.

APPENDIX
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We prove that, in Step3.1, thereexistsa set sothat
Suppose satis es ; thesetof pointsx notin  is of theform
whereall x satisfy andall x satisfy
Thepointsin  have beenpreviously eliminatedwhile all the points

in arecandidateso be added.It sufces to shav  musthave small probability mass

underary with e,
for all (25)
where . Since , it sufces to prove
that is nonincreasingn
Theorem5.1 Forary
Proof: It sufces to shaw
(26)
and
(27)
for ary providedthat , , , and areall in [0, 1]. Theproof of (27)
is similar to that of (26) andhenceonly (26) will be given. For de ne
f then for every ;i.e.,each isa

verticallattice of consecutie pointsbeginning at the horizontalaxis. It is well known that
for each , is nonincreasingn . Thus,if

, then

is alsononincreasingn It follows that

is nonincreasingn  andthereforg(26) holds.
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