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ABSTRACT

An algorithmis proposedfor determining
�����������
	��
���

small-samplecon�dence

intervals for thedifference������� - ��� of two binomialsuccessprobabilitiesbasedon ���

and ��� trials, respectively. Theinterval coversthetrue � with probabilityat least
����	��
�

for all
���

�
�� 

�
�

�!�

; it is invariantwith respectto relabelingof the two populations

andwith respectto interchangingtheoutcomesof successandfailure intervals. Coverage

and expectedlength comparisonsaremadewith the small sample
�����"�#���$	%�
���

tail

intervalsof SantnerandSnell (1980). A FORTRAN programimplementingthealgorithm

is availablefrom theauthors.

1 Intr oduction and Summary

In medicine,biology, andotherareasof scienti�c inquiry oneis oftenfacedwith theprob-

lem of comparingtwo binomialsuccessprobabilities�&� and�'�
 

�(�

���
 

���

�)�

, basedon

independentobservations *+�$, B( �
� ,�-� ) and *.�/, B( �-� ,��� ). Although the comparison

is sometimesmadeby meansof the hypothesistest 021 : ���(34��� versus065 : ���87 39�'� ,
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many practitionersoftenrealizethis formulationis inappropriateshouldthey reject 0 1 and

thendesireto make a strongerinferencethan�&� 73���� . Thusmany statisticians,beginning

with Corn�eld (1956),have suggestedthatscientistsformulatetheir treatmentcomparison

problemsasoneof interval estimationof anappropriatescalarfunctionof � � and� � . Three

quantitiesoftenusedto compare� � and� � are:

(i) theoddsratio
�

��� �

��� 	

���

��� ��� 	

���

�

��� ,

(ii) therelative risk � ��� �

�

��� , and

(iii) thedifference�������

	

��� .

Theoddsratio is perhapsthemostdif�cult of (i) - (iii) to interpretalthoughit is theeasiest

for which to form con�denceintervals. Conversely, � and � aremoredif�cult to construct

con�denceintervalsfor but easierto interpret.

Thispaperproposesanalgorithmto constructinvariantsmall-samplecon�denceinter-

vals for � ; theproposedintervalsattainat leasttheir nominallevel for all ( �
�� 

�
�  

�
�� 

�
� ),

andareinvariantwith respectto the interchangeof �
� and �

� aswell asthe de�nition of

successandfailure. Formally, the � intervals constructedbelow satisfythe coveragere-

quirement

���	�

�

��
 � �

�

�

�

��
 �
��� � 	��

(1)

for all �-� , �'� and �
� , ��� ; here � =
�

�-�
 

���

�

,



3

�

*2�
 

*.�

�

, and �

��� �

and �

��� �

arethe

lowerandupperlimits of thecon�denceinterval at
�

=
���

�
 

�

�

�

, respectively. Thenotation
�����


������

indicatesaprobabilitycalculatedwhen *��-,��

�

���
 

� �

�

for i = 1, 2.

Thecomputerintensive methodsdescribedin thispapercomplementthepreviouswork

on large-sampleintervals for � . For example,Beal (1987)compares� ve large-sample�

intervalswith respectto their coverageprobabilities.Of course,eventhebestlarge-sample

interval is anticonservative for suf�ciently small �
� , �

� andextreme(�
� , �

� ). To illustrate,

Figure1 displaysthe anticonservatism of the (large sample)nominal95% Jeffrey-Perks

(JP)interval (Beal,1987;p. 945).Thehorizontalaxisis � andtheverticalaxisis thelower

envelope

!#"%$'&(���)�

�

�

JPinterval
�+*

p suchthat ���

	

��� 3#��,
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Figure1: Plotof
�

�
 

!#" $

�

���	�

�

�

JPInterval
�

where � 3

�

���

�-�

	

��� 3#�

�

for nominal
��� �

Con�denceIntervalswhen � � 3

���

3 ���

for a grid of � valueswhen �
�

3

���

3 �
� . The JP interval's coverageprobability is

particularlyaffectedfor extreme�
� or �

� . Theiteratively computedMee(1984) � intervals

describedin Bealaresimilarly anticonservative.

SantnerandSnell(1980)andmorerecentlyCoeandTamhane(1991)have considered

theproblemof determiningsmall-sample� (and � ) con�denceintervals.SantnerandSnell

(1980)constructedtwo computationallyfeasibleintervals (a `conditional' interval and a

`tail' interval) and,in principle,a third interval which is toocomplex to becomputationally

competitive. For later comparison,the endof this sectiondescribestail (T) intervals, the

superiorof the two computationallyfeasibleintervals. Somecomparisonswith Coeand

Tamhane(1991)intervalswill begiven.

Theiteratively computedinterval proposedin Section2 is computationallyfeasibleand

generallylessconservative thantheSantnerandSnellT intervals.Section3 establishesthe

invariancepropertiesof the proposedintervals andcomparesthemwith thoseof T inter-

vals. Section4 comparestheexpectedlengthof theproposedandT intervals in a speci�c

exampleanddiscussesourcomputationalexperiencewith aFORTRAN 77programwhich

implementstheSection2 algorithm. Theremainderof this sectionreviews brie�y aspects

of the one-dimensionalCrow (1956)algorithmfor determininga con�denceinterval for

a singlebinomial � ; theseideaswill berequiredin our analysisof thetwo-dimensional�

problem.
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Every conservative
�����+����� 	 �����

con�denceinterval for p,
���

�

� �

, basedon

single sampledata � , �

�

�  �

�

resultsfrom inverting a family of acceptanceregions
���

�

��1

��*����

��1

� � �

; the region A( � 1 ) correspondsto a size �

�

testof 0(1 : � 3 ��1

versus0 5

*

��7 3�� 1 . Thus

����� �

�

�

�

�

��1

�
��� � 	 �

(2)

for
� �

��1

� �

where
��� � �
	

�

indicatesaprobabilitycalculatedunder� ,��

�

�  ��1

�

.

Tail intervals for � use
�

�

� 1

�

3

���

�

��1

�

 �
�
�
  ��

�

��1

�
�

to test 061 : � 3 ��1 where
�

3

�

�

� 1

� � �

is the largestinteger for which
� � � �

���

�

	%� �

�

� ���

and �
3

�

�

� 1

�

�#� is

thesmallestinteger for which
�

�
� �

�

�

���

� �

�

� ���

(ClopperandPearson,1934). It is

straightforwardto show inversionof thesetof
�

�

��1

�

yields
�

�

��� �

 
�

��� ���

de�ned by �

� � �

3

�

, �

�

�

�

3

�

andotherwiseby
�

� �����

�

�

�����

3

� ���

3

�

�������

�

���

�

�

�

. Thecritical feature

of thetail methodis thatfor eachoutcomey, therebede�ned setsof outcomes(“upperand

lower tails”) which are“more extreme” thany and“lessextreme” thany. In thebinomial

problem,
�

�

 �
�
�
  
�

�

and
�

�

 �
�
�
- 

���

arethe“upper” and“lower” tailscorrespondingto the

outcomey, respectively.

For thetwo-samplebinomial � interval problem,SantnerandSnell(1980)de�ne tails

correspondingto the outcomex by �

��� � *

3

���

3

�� 

�  

 

�

� *"!

�

�

�

� � !

�

��� �
�

and
#

��� � *

3

���

3

�� 

�
 

 

�

� *
!

�

�

�

�

�

!

�

��� �
�

where
!

�

�

�

�

3

 

�

�

�
�

	$ 

�

�

��� . In words,

� (x)
�

#

��� ���

is the setof outcomesconsistentwith point estimatesof � at leastas large

(small)asthatsuggestedby x .

Returningto theone-samplebinomial � problem,Sterne(1954)proposedusing“most

probable”(MP) acceptanceregionsfor 021 : ��3 ��1 versus0.5 : � 73 ��1 de�ned by (2) and
����� �

� 3�%

�'&

����� �

� 3)(

�

for %

�

�

�

�'1

�

andj 7

�

�

�

�'1

�

. It is straightforward to show

his
�

�

�
1

�

arealsoof the form
���

�

�
1

�

 �
�
�
- ��

�

�
1

�
�

andhave minimum cardinalityamong

all
����� ��� 	 �����

acceptanceregions.Sterne's intuitive motivationfor this systemwasthat

shorterintervalsshouldresultfrom invertingsmaller
�

�

� 1

�

.

Crow (1956)shows, by example,that unfortunatelySterne's
�

�

�-1

�

neednot invert to

intervals. Crow alsoprovesthata necessaryandsuf�cient conditionfor intervals to result
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from invertingacceptanceregionsof theform
���

�

��1

�

 �
�
�
� ��

�

��1

�
�

is Equation(3).

�

�

�'1

���

"��

�

�

�'1

�

mustbenon-decreasingin � 1 
 (3)

Crow (1956)andBlyth andStill (1983)usealgorithmicmethodsto constructacceptance

setswhich guarantee(3). They �x a partition
�%�

�&�

�


�
�


�

���

�


�
�


� �

and it-

eratively construct
�

�

���

�

3

���

�

���

�

 �
�
�
  ��

�

� �

�
�

so that
�

�

���

�

and �

�

� �

�

are nondecreas-

ing in ��� . In addition,with but a few exceptions,their
�

�

�'�

�

containthe samenumber

of pointsasdo Sterne's MP acceptanceregions. Their algorithmsforce the
�

�

� �

�

to be

smallby constructing
�

�

� �

�

from
�

�

� ��� �

�

by �rst trying to eliminatepointsfrom
�

�

� ��� �

�

(set
�

�

�
�

�

3

�

�

�
��� �

�

�

�

and �

�

�
�

�

3
�

�

�
��� �

�

), or if not possibleby substitution(set
�

�

� �

�

3

�

�

����� �

�

�

�

and �

�

� �

�

3
�

�

� ��� �

�

�

� �

, or if notpossiblethenonly by theaddition

of apoint to
�

�

���

�

(set
�

�

���

�

3

�

�

� ��� �

�

and �

�

���

�

3
�

�

� ��� �

�

�

� �

. Theexactdetailsof the

algorithmcanvary. A linearordermustexist amongthesampleoutcomesto constructsuch

analgorithm.

2 The Algorithm

2.1 Overview

Thealgorithmin Section2.2adaptsCrow's techniqueto this nuisanceparameterproblem

by constructing
����� �/����	(�����

acceptanceregionsfor anincreasingsequenceof � values.

Herewe regardtheparametersas � and(thenuisancequantity) �
� ratherthan �

� and �
� ;

for �x ed � , �-� rangesover �

�

�

�

de�ned by

�

�

�

� *

3

�

	�


� �

 
�

�

� �

 

	 � �

�

� �

� �

 

� �

 
��3

�

�

�
 �

� �

 

�.�

�

� �




We let
����
 ��� �


 � ���

denotethe probability that



is in
�

when *+�., �

�

�
�
 

���

�

and

*.� ,��

�

���
 

���

�

.

The �rst decisionthat mustbe madeto de�ne thealgorithmis to selectan (arbitrary)

linearorderfor thebivariateoutcomes
���

�
 

�

�

�

. This paperordersx correspondingto in-

creasingvaluesof
!

�

��� �	*

3

�

�

�

�
�

	 �

�

�

�
� , theestimated� valueat x. Second,for each

�
1 it mustbenotedthattheacceptanceregion

�

�

�
1

�

for testing0
1 : � 3)�

1 versus0
� :
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� 73#�.1 mustbeconstructedto have minimumcoverageat least
��� 	8�
�

over thenuisance

parameter�-�
�

�

�

� 1

�

. Last, thealgorithmbelow is usedto computeintervalsonly when

�
� ����� . When �&�

&

��� we de�ne the � interval at
�

3

���

�  

�

�

�

by

�

�

�������&�

 �

�������&���

3

�

	

�

��� ���	�
�
�

 

	

�

��� ���	�
�
���

(4)

where

�

�

3

� �� 

�  

 

�

�

3

�� 

�  

 

�

�

denotesthepointwith coordinatesreversed,
�

3

���
�

 

��� �

, andtheinterval ontherighthand

sideis producedby thealgorithm.Theintuitivemotivationfor (4) is thatthepointestimates
!

� at
�

and
� �

for theproblemswith samplesizes
�

and
�
�

, respectively, satisfy
!

�

�������
�

3

�

�

�

�
�

	 �

�

�

���63

	
���

�

�

���

	��

�

�

�
�

�

3

	 !

�

��� ���	�
�
�

which suggeststhe interval

shouldhave the analogousproperty. It will be proved below that (4) andan appropriate

constructionwhen � �
39��� guaranteesthat the intervals areconsistentunderinterchange

of populationlabels. Furthermore,the intervals arealsoconstructedto be invariantwhen

successesandfailuresareinterchanged.This is madeprecisein Theorem3.1whichshows

thatStep4.1of thealgorithmandtheconstructionof A(0) insurethisproperty.

Formally, the algorithm�rst partitionsthe samplespace� �

�

�

3

���

�
 

�

�

��* �

�$3

� ��� �

�
� and
�

� 3

� ��� �

���

�

into equivalenceclassesas follows. First, observe the dis-

tinct valuesof
!

�

��� �

include
	
�

 

�

 �

�

andaresymmetricallydistributedaboutzerosince
!

�

���

�
 

�

�

�

3

	 !

�

�

�
�

	 �

�
 

���

	 �

�

�

. Thuslet

	 �

3������

�


�
�


�

� 1 3

� �


�
�


�

���#3
�

�

bethedistinctvaluesof
!

�

��� �

3

�

�

�

�
�

	 �

�

�

��� for
� �

� . De�ne theequivalenceclass

� � by

� � 3

�

� �

�

*
!

�

��� �

3��(�

�

for % 3

	������ ���

. For example, � ��� 3

�

� �

 
���

�
�

correspondsto � ��� 3

	
�

and ��� 3

�

�

�
�
 

� �
�

correspondsto +1. By construction,� 3�� �����

�
�


����� and � ����� �23�!

when % 73�(
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Thealgorithm�x esapartition

�

3#� 1

�

�(�

�


�
�


�

��� 3

�

(5)

of [0,1] into suf�ciently many piecesto guaranteethe desiredaccuracy; e.g., the mesh
�6�




��� �6�




� � �6�


�
�


�




�����

of 100pointsguarantees2- placeaccuracy. For
�

� % �

�

it constructsa
����� � ��� 	 �
���

acceptanceregion
�

�

� �

�

correspondingto 0/1 : �!3 � �

versus065 : � 73 � � ; acceptanceregionsfor
	
�

�#�

�%�

areformedby symmetry. Each
�

�

� �

�

is de�ned to have theform

����� ����� � �

�
�


� �	� � ���




�

$���
	�������

	 �

��� ��� �

�

(6)

where

!87 3 ����� ���

�




��� �	�

�

and,when �

�

�
 

���

	




� 73 !

 (7)

Thustheestimated
!

�

��� �

valuescorrespondingto
� �

�

�

� �

�

aretheconsecutive sequence

���
 �
�
�
- 

��� (assuming



� 73 !

�

. Furthermore,theregion
�

�

� � � �

�

is determinedby moving
�

�

� �

�

to the“right” in thesensethattheendpointssatisfy

� !#"��

!

�

��� � * � �

�

�

� �

�
�

�

� ! " �

!

�

��� � * � �

�

�

� � � �

�
�

(8)

�

�"!

�

!

�

��� � * � �

�

�

�
�

�
�

�

�

�"!

�

!

�

��� � * � �

�

�

�
�#� �

�
� �

(9)

(8)-(9) is theanalogof (3).

The algorithm refersto a genericmethod,“rule R”, of choosingsubsetsof �
� and

�
�

	




� in Steps0.2, 2.1, and3.1. Several choicesareconsideredin Section2.3 andthe

propertiesof theresultingintervalsarestudiedin Section3. Throughouttheremainderof

thepaperlet

$

���

 
�

� *

3

!#" $

� �&%(' � � �

����
 ��� �


������

for
�

��� and
	
�
�

�

� �

; alsolet
�

	

���

�

 �

�

*  

7

�

�

�

bethesetdifferenceof

A andB.
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2.2 Statementof the Algorithm

Step0. [Initialization]

0.1 Partition [0, 1] by
�

�#�61

�


�
�


�

��� 3

�

.

0.2 Determine
�

�

� 1

�

3

�

� � �

by ruleR andseti = 1.

0.3 Go to Step1.

Step1. [Induction]

1.1 If i = m+1,thengo to Step4. Otherwiseassume

�

�

� ��� �

�

3������ ����� � �

�
�


� �	� � ���




�

satis�es(6)-(7) where � 3 �

�

%

	 � �

����3 �

�

%

	�� �

, and
$

�

�

�

� ��� �

�

 
����� �

���

� 	8�

.

1.2 Set( �

�

%

�

, �

�

%

�

, �

�

�

�

�

,



�

�

�

�

�

�

�

�

�

%

	 � �

 
�

�

%

	 � �

, �

�

�

��� �

�

 




�

�

��� �

�

�

and
�

�

���

�

�

�

�

� ��� �

�

.

1.3 If
$

�

�

�

���

�

 
� �

� � � 	8�

thengo to Step2, otherwisego to Step3.

Step2. [Elimination]

2.1 Set
�

�

�

�

�

� �

�&	

� where� � �

�

�

�

�

is de�ned by RuleR.

2.2 If
$

�

�

�

 
� �

� � ��	��

thengo to Step2 aftersetting
�

�

� �

�	*

3

�

� andmodi-

fying s(i) and �

�

�

�

�

to satisfy(6)- (7).

2.3 If
$

�

�

�

 
� �

� � � 	��

thenset %�3 %
�

�

andgo to Step1.

Step3. [Addition]

3.1 Set
�

�

���

�

�

�

�

� �

�

�




where



� �

�

�

��� �

�

	




�

�

��� �

�

is de�ned by RuleR and

modifying �

�

%

�

and



�

�

�

�

to satisfy(6)-(7).

3.2 If
$

�

�

�

���

�

 
���

� � � 	8�

thengo to Step2; otherwisego to Step3.

Step4. [CompletionandInversion]

8



4.1 For
�

� % �

� set
�

	 


� �%� �

	

� �

�

�

� �%�

� *

3

�

� 	 � �

�

* � �

�

�

� �

�
�

4.2 Set
�

�

�

	

�

�




�

��� � *

3

� !#"

� ���%��� �

�

� �

* � �

�

�

� �

�
�

�

��� � *

3

�

�"!

� ���%��� �

�

���

* � �

�

�

� �

�
�




Severalaspectsof thealgorithmdeservecomment.First, in theCrow- Blyth-Still spirit,

it triesto form smallacceptanceregionsandtherebyshortcon�denceintervalsby deleting

(adding)pointsfrom (to) A( � � ) with small(large)probabilitiesconsistentwith (8)-(9).

Second,the acceptanceregionsde�ned in Step4 arelevel
��� 	 �

). By construction,
$

�

�

�

� �

�

 
� �

� �)� 	8�

for ���

��� �

 

� �

. As de�ned in Step4.1,for � 3 � �

��� 	 �

 

���

and

for any ���

�

�

�

�

�

����
 �
�

���

�

�

�
�

3 �

	

%

5

� � �

����
 �
�

�




3

� �

3

�

	

%

5

� � �

�

�

��


� �

�
�

�




3

�+	 � �

3
�




%

5

�

�

� �

�

�

��


� �

���
�




3��

�

3

�

�

� 


� �

� � ���

��	

�

�
�

� � 	8�

Thesecondequalityholdsby calculation,thethird by de�nition of A(
	

� ), andtheinequal-

ity holdssince
	

�

& �

.

Third, we claim that the algorithmmust terminate;this requiresa technicalanalysis

which is givenin theAppendix.It is provenby showing thatin Step3 therealwaysexistsa

setC to augment
�

�

� �

�

sothat
$

�

�

�

���

�

�




 
���

� � � 	 �

for
�

��% �

� .

Lastly, theacceptanceregions
���

�

� �

�	* 	

�

� % �

�

�

mustsatisfy(8) and(9). This

follows by constructionfor
�

��% �

� andby symmetryfor
	

�

��% �

	 �

since

� !#"��

!

�

��� � *(� �

�

�

���

�
�

3

	

�

�"!

�

!

�

��� � * � �

�

��	

���

�
�
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2.3 Construction of A(0), Elimination and Addition Sets

A rule for constructing
�

� � �

andaddition-deletion, theinvariantrule, is proposed.A com-

putationallysimpleralternative, thenaive rule,will bementionedat theendof thesubsec-

tion; however, thenaive rulegenerateswider intervals.

InvariantRule ���

The ideaof this rule is to deletepointswhich decrease
$

�

�

�

 � �

�

aslittle aspossible

andaddpointswhich increase
$

�

�

�

 � �

�

asmuchaspossible.

Case1: �&�

�

���

�

� � �

: Choose
�

� � �

containing� 1 andof theform (6)-(7)satisfying:(a)
� �

�

� � ��� � 	+�

�

�

� � �

, (b)
�

� � �

containsasfew additionalpointsaspossible,and(c)

$

�

�

� � �

 

� � � � 	��


 (10)

Elimination: Given �

& �

and
�

�

3 ��� � ���&� � �

�
�


� �	� � ���




� of form (6)-(7)satisfying
$

�

�

�

 
�

� � � 	8�

, let � �

�

� �

where
� �

� � satis�es

$

�

�

�

	

�

� �

 
�

�

3

�

�"!




%����

$

�

�

�

	

�

�

�

 
�

�


 (11)

Addition: Given �

& �

and
�

�

3 ����� ����� � �

�
�


� �	� � ���




� of form (6)-(7)satisfying
$

�

�

�

 
�

� � � 	8�

, let



�

�

� �

where
� �

���

	




� satis�es

$

�

�

�

�

�

� �

 
�

�

3

�

�"!




%�	�


���




$

�

�

�

�

�

�

�

 
�

�


 (12)

Case2: �&� 3 ���

�

� � �

: Choose
�

� � �

containing � 1 andof the form (6)-(7) satisfying: (a)
� �

�

� � �
�

�

� 	 �

 

� �

 

� 	 � � ���

�

� � �

, (b)
�

� � �

containsasfew additionalpointsaspossible,and

(c)

$

�

�

� � �

 

� � � � 	��


 (13)

Elimination: Given �

& �

and
�

�

3 ��� � ���&� � �

�
�


� �	� � ���




� of form (6)-(7)satisfying
$

�

�

�

 
�

� � � 	8�

, let � �

�

�

 

� 	 � � �

where
� �

� � satis�es

$

�

�

�

	

�

�

 

�"	 � � �

 
�

�

3

�

�"!




%����

$

�

�

�

	

�

�
 

�"	 �

�

�

 
�

�


 (14)
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Addition: Given �

& �

and
�

�

3 ����� ����� � � 
�
�
 � �	� � ���




� of form (6)-(7)satisfying
$

�

�

�

 �

� � � 	8�

, let



�

�

�

 

��	 � � �

where
� �

���

	




� satis�es

$

�

�

�

�

�

�

 

� 	 � � �

 �

�

3

�

�"!




% 	�


���




$

�

�

�

�

�

�  

��	 �

�

�

 �

�


 (15)

Breaktiesin theselectionof x usingcriteria(11)-(16)by choosingthevalueof x with the

smallestlexicographicorderin
���

�  

�

�

�

.

The intervals producedby Algorithm 2.2 using � � will be calledCI intervals. When

�
�

�

��� ,
�

� � �

is constructedby setting
�

�

3 � 1 , initially. If (10) holdsfor the trial set
�

� thenset
�

� � �

equalto
�

� ; it is straightforwardto verify that
�

� � �

satis�es(6)-(7) (take

�+3

�

, � 3

�

, �
�

3 �
1 , and




�
3 ! ) aswell as(b)-(c). For example,to prove (b) we

needonly notethat if
� �

�
1 then

� 	 � �

�
1 . If (10) fails for

�

� then,in thenext and

in all subsequentstages,
�

� satis�es(6)-(7) with � 3

	

� unless



��3 ! . In this caseadd
�

�

 

� 	 � � �

to
�

� where
� �

���

	




� satis�es

$

�

�

�

�

�

�

 

�"	 � � �

 

� �

3

�

�"!




% 	



���




$

�

�

�

�

�

�
 

�"	 �

�

�

 

� �

(16)

until (10) holds. Note that �
� is not empty in the eliminationsteps(11) and(14) nor is

�	�

	




� emptyin theadditionsteps(12), (15), and(16). Thusnoneof themaxima(11)-

(16) is vacuous.

When �&��3 ��� , then
�
�

3

�

and
�

,
� �

,
�.	 �

and
�6	 � �

areall legitimateoutcomes.

Theset
�

�

 

� �

 

�8	 �

 

�8	 � � �

consistsof either1, 2, or 4 distinctpoints. For example,

if �
�/3

���

3 ��� and
���

�
 

�

�

�

3

�

�

 ��

�

then
�

�

 

� �

 

��	 �

 

��	 � � �

3

�

�

�

 ��

�

 

�

�  

�

�
�

consistsof 2 points.Theset
�

� � �

is constructedin a similar fashionto thatwhen � �

�

��� .

All maximaarewell-de�ned since� � and ���

	




� are�nite andnonempty
�

�

�

�

�

. When
� �

�
1 , theentireset

�

�

 

� �

 

�"	 �

 

� 	�� � �

� �
1 .

Unlessthenominalcoverageis very low,
�

� � �

will containpointsin additionto those

in � 1 . Also at eachstepthe rule � � myopically attemptsto force the modi�ed version

of
�

� to besmallby choosinga large set � anda small set



subjectto insuringcertain

consistency properties.

Now considerpropertiesof the acceptanceregionsproducedby � � . By construction

�
� guaranteesthat
�

� � �

satis�es

� �

�

� � � � ��	 � �

�

� � �

(17)
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for all �
� � ��� . FurthermoreStep4.1guaranteesfor %�3

�

 �
�
�
  

� that
�

�

� �

�

satis�es

� �

�

�

� �

� � ��	 � �

�

��	

� �

�

(18)

When � � 3 � � , � � guarantees

� �

�

�

� �

������� �+	 � � �

�

�

���

���
�

(19)

holdsfor all x andall � � . It will beshown below that(19) is key for invariance(4) to hold

when �&� 3%��� . However if the � � -Case1 rule is appliedwhen � � 3%��� , then(19)neednot

hold. Whatis trueis thattheequality

�
�

�

�

�

� �

3

���
�

�

� �

�

�
� �

shows that
�

x mustenteror leave theregion for theproblemwith samplesizes
�

n accord-

ing asx entersor leaves the region for the problemwith samplesizesn. Thusthe setof

pointstied to enteror leave theacceptanceregionateachstageis consistentunderproblem

relabeling.However(19)canfail whentherearetiesin thechoiceof pointssatisfyingEqua-

tions (11)-(14)sincethe selectionis madeaccordingto lexicographicorder. In particular

when �
�

3 �
� , theequality

���	�

�

�

� �

3

�

� �

���
�

� 	 � �

�

� �

shows thattwo points(
�

and
�+	 � �

) correspondingthesame� will de�nitely betied for

entranceinto, anddeletionfrom theacceptanceregion. Thusthethemodi�cations in Case

2 of thede�nition of � � arerequiredsothat(19)holds.

Oneothermethodof choosing
�

� � �

-addition-elimination ruleswill bementioned.This

rule hasthe virtues of computationalsimplicity and invarianceunderboth relabelingof

successes-failuresandpopulationsat thecostof wider intervals. Therule addsanddeletes

only entireequivalencesets � � . Thusevery
�

�

���

�

is a unionof consecutive equivalence

sets��� .

NaiveRule ���

�

� � �

: Usetheminimal setof theform � �	� �

�
�


� �
� whichsatis�es

$

�

�

� � �

 

� � � � 	��
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Elimination/Addition: Deleteand add entire equivalencesets ��� (i.e., set � 3 � � and



3 �	� in thealgorithm).

Formally theinitial set
�

� � �

has � 3

	��

 � ��3 � �	�  � 3

�

�

�

, and



��3 ! .
�

� � �

is

constructedby setting
�

� � �

3 � 1 if
$

�

� 1  

� � � � 	��

or, if not, thensuccessively adding

pairs � �	� and � � to theprevioustrial setuntil (10)holds.

� � is simpleto implement.It is straightforwardto checkthat(18)and(19)holdfor � �

acceptanceregions.It will beshown below that(18) and(19) guaranteethecorresponding

con�denceintervals,calledCN intervalshereafter, have severaldesirableinvarianceprop-

erties.However, CN intervalsareobviouslyconservative comparedto CI intervalsandthus

arenot considereda practicalalternative. Thenext sectioncomparesinvarianceproperties

of T intervalswith thoseof CI intervals.

3 InvarianceProperties

We �rst study the invarianceof T andCI intervals underthe relabelingof the outcomes

successandfailure.Intuitively, sincethedifferenceof thetwo successprobabilitieschanges

signwhensuccessandfailureareswitched,onewould hopethecon�denceinterval would

exhibit thesameproperty.

Theorem 3.1 T andCI intervalssatisfy

�

�

��� �

 
�

��� ���

3

��	

�

���+	 � �

 

	

�

��� 	 � ���

(20)

for all
� �

� .

Proof: SantnerandSnell(1980)proveT intervalssatisfy(20). To seethatCI intervalsalso

satisfy(20),observe that

�

��� �

3

� !#"

�

� !#"

1 �%� � �

�

� �

* � �

�

�

� �

�
�

 

� !#"

� ���%��� 1

�

���

* � �

�

�

� �

�
���

3

� !#"

�

� ! "

� ���%��� 1

�

	

� �

* � �

�

��	

� �

�
�

 

� !#"

1 �%��� �

�

	

� �

* � �

�

��	

� �

�
�

�

3

� !#"

�

	

�

�"!

� ���%��� 1

�

�
�

*���	 � �

�

�

�
�

�
�

 

	

�

�"!

1 �%��� �

�

�
�

* �+	 � �

�

�

�
�

�
�
�

3

	

�

�"!

�

�

�"!

� � �%��� 1

�

� �

*��+	 � �

�

�

���

�
�

 

�

�"!

1 �%��� �

�

� �

*���	 � �

�

�

� �

�
�
�

3

	

�

��� 	 � �
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The�rst equalityholdsby de�nition of � , thesecondsince
	

� �%� 3 � � for all i, thethird

from thefactthatfor all
� �

� ,
� �

�

��	

�

�

if andonly if
�2	�� �

�

�

�

�

, andthelasttwo

equalitiesby algebraandthede�nition of �

���"	 � �

. Thecharacterizationof
� �

�

��	

�

�

holdsfor � 3

�

by constructionandfor �

� ��	 �

 

� �

by Step4.1. Thelower limit follows

by asimilarargument. �

Remark 3.1 Equation(20) alsoholdsfor CN intervalssincetheir acceptanceregionssat-

isfy
� �

�

�

�

�

if andonly if
��	 � �

�

�

�

�

for all
�

and � .

BothT andCI intervalsareconsistentunderrelabelingof populations.

Theorem 3.2 T andCI intervalssatisfy

�

�

���������

 
�

�������
���

3

�

	

�

��� ���	�
�
�

 

	

�

��� ���	�
�
���

(21)

for all
� �

� andall �&� ����� .

Proof: The proof for T intervals is straightforward from their de�nition. Equation(21)

holdsfor CI intervals when � �

�

��� by de�nition (4). For CI intervals when ���
39��� it

suf�ces to consideronesetof endpointsin (21) sincetheotheris provedanalogously. We

have

	

�

��� ���	�
�
�

3

	

�

�"!

�

�

�"!

1 �%��� �

�

�
�

*�� � �

�

�

�
�  

�
�
�
�

 

�

�"!

� � �%� � 1

�

�
�

* � � �

�

�

�
�  

�
�
�
�
�

3

	

�

�"!

�

	

� !#"

� � �%��� 1

�

� �

* � ���+	 � � �

�

�

� �
 

�
�
�
�

 

	

� !#"

1 �%� � �

�

� �

* � ��� 	 � � �

�

�

� �
 

�
���
� �

3

	

�

�"!

�

	

� !#"

� � �%��� 1

�

� �

* � �

�

�

� �
 

�
�
�
�

 

	

� !#"

1 �%� � �

�

� �

* � �

�

�

� �
 

�
���
�

�

3

� !#"

�

� !#"

� ���%��� 1

�

� �

* � �

�

�

� �
 

�
���
�

 

� !#"

1 �%� � �

�

� �

* � �

�

�

� �
 

�
���
�

�

3 �

���������

wherethe�rst equalityis by de�nition of � , thesecondis by Step4.1,thethird is by (19),

thefourth is by algebra,andthelastis by de�nition of � andthefactthat
�
�

3

�

. �

Remark 3.2 CI intervalscouldbealternatively constructedfor � �

&

��� in suchaway that

Theorem3.2 held when � �

�

��� . This resultcouldbe proved for � �+7 3 ��� by the same
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argumentas in the case� �63 ��� , provided that the analogueof (19),
� �

�

�

� �

���
���

� ��� 	 � �+�

�

�

� �

�	�
���

, weretrue. Thelatter is usedto establishthethird equalityin the

proof of Theorem3.2. This characterizationwould hold, for example,if the acceptance

regions for � �

&

� � were de�ned in termsof thosefor the problemwith samplesizes

reversedby
� �

�

�

� �

������� � ����	 � � �

�

�

� �

�	�
���

.

BothT andCN intervalssatisfy

�

�

��� �

 �

��� ���

3

�

�

�

�

�

 �

�

�

���

(22)

whenever x andy have thesamepoint estimate;i.e.,
!

�

��� �

3

!

�

�

�

�

. Intuitively, (22) is a

measureof the“coarseness”of theintervalsproducedby bothsystems.Thesameinterval

is producedwheneverx andy have thesamepointestimate.Thereasonis thateachsystem

is basedon thesamesetof acceptanceregionswhen
!

�

��� �

3

!

�

�

�

�

. CN intervalsaddand

subtractonly entireequivalenceclassesto acceptanceregions. T intervals have the same

acceptancesetssincex andy have thesametails. CI intervalsneednotsatisfy(22).

When �&��3 ��3 ��� and
�

� 3

�

3

�

� ,
!

�

��� �

3

���

�

	�� �

�"3

�

andbothbinomialsare

estimatedwith equalprecision.Thesesuggesttheinterval shouldbesymmetricaboutzero

in this case.

Theorem 3.3 If �&��3 ��� 3 � thenT andCI intervalssatisfy

�

���

 

� �

3

	

�

���

 

� �

(23)

for all outcomes
�

�

�

��� .

Proof: Tail intervalssatisfy(23) since

�

���

 

� �

3 �

�

�

	 �

 
�

	 � �

by (22)

3

	

�

���

 

� �




wherethe secondequalityholdsby Theorem3.1. The �rst equalityalsoholdsfor CI in-

tervalsby (19) (or equivalentlyby (20) and(21)) while thesecondis trueby Theorem3.1.

�

Remark 3.3 Equation(23)alsoholdsfor CN intervalsby thesamestepsproving theresult

for T intervalswherethe�rst equalityholdsby (22) andthesecondby Remark3.1.
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4 Comparisons

Firstsomecomparisonsof T and� � intervalswill bemadeandthensomebriefcomparisons

of � � andCoeandTamhaneintervalswill bestated.

4.1 Comparisonof Tail and Invariant Inter vals

This sectioncomparestheoperatingcharacteristicsof theT andCI intervals. Bothachieve

at least their nominal level for any n and p, and Section3.1 proved both possessintu-

itive invarianceproperties.For two speci�c problems,onebalancedandoneunbalanced,

theachievedcoverageprobabilityandlengths(expectedandoutcome-by-outcome)will be

compared.Thensomegeneralconsiderationswill bediscussed.

Figures2 and3 plot thedifferenceof theachievedcoverageprobabilities

���	�

�

�

T interval
� 	

���	�

�

�

CI interval
�

for nominal95%intervals for
�

� �
 

���

�

3

�����

 

��� �

and
�

�
�
 

���

�

3

��� �

 

� �

, respectively, for

thegrid �-� 3

� �




� � � �

and ���63

� �




� � � �

. Both systemsof intervals achieve at least95%

coveragefor all
�

� �
 

���

�

; in principle, the differencecaneitherpositive or negative. The

�gures show that theT systemof intervalsaresubstantiallymoreconservative thantheCI

systemintervalsthroughouttheparameterspace.Comparisonof theFigures2 and3 shows

thattheT intervalsaremoreconservative thantheCI intervalsin thebalancedcasebecause

thedifferencesaregreaterin thiscase.

Theexpectedlengthof any systemof outcomesis aweightedaverageof thelengthsof

theintervalsoverall outcomes.A comparisonof thelengthsof theT andCI intervalsshow

that the latter areuniformly shorterthanthe former over all outcomesy when( � �
 

��� ) =

(15, 5). When( �&�
 

��� ) = (10,10),CI intervalsareshorterthantheT intervals for all but 8

out of 121 (central)outcomes;the reversalsoccurfor “central” outcomesin the
���.� ���

latticespaceof outcomes.In general,CI intervalswill beshorterthanT intervals for most

outcomeswhenthe nominalcon�dencelevel is large becauseT intervals mustaddentire

equivalenceclasses.

To comparetheexpectedlengthsof theintervalsde�ne
�

�	� $

��� �
�

and
�

�	� $

�


��

�
�

to

betheexpectedlengthof theT andCI intervals, respectively, whenp is thetruevectorof
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Figure 2: Plot of
�

� �
 

���
 

���

�

�

�

T interval
� 	

���

�

�

�

CI interval
� �

for nominal
��� �

Intervalswhen � � 3

���

3 ���

Figure 3: Plot of
�

� �
 

���
 

���

�

�

�

T interval
� 	

���

�

�

�

CI interval
� �

for nominal
��� �

Intervalswhen
�

� �
 

���

�

3

��� �

 

� �

probabilities.Figures4 and5 plot
�

�	� $

��� �
��	 �

�	� $

�


��

�
�

versus
�

�-�
 

���

�

for thecases
�

�
�
 

���

�

3

�����

 

��� �

and
��� �

 

� �

, respectively, at thesame
�

���
 

���

�

) grid asFigures2 and3.

In all casesCI intervalsaresuperiorto T intervals. In thebalancedcaseCI intervals have

thegreatestimprovementoverT intervalsattheedgesof p spaceandtheleastimprovement

in thecenterof p space.Thesituationis qualitatively differentfor theunbalancedcasewith

theleastimprovementattheedgesandoverallamorenearlyconstantdifferencein expected

lengths.

The two casesdiscussedabove aretypical of thoseexaminedin detail by theauthors.

While bothCI andT intervalshave identicalinvarianceproperties,CI intervalsaresuperior
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Figure4: Plotof
�

� �
 

���
 

�

�

�

Lengthof TM
� 	)�

�

�

Lengthof CI
� �

for nominal
��� �

Inter-
valswhen �
��3

���

3 ���

in termsof bothcoverageandlength. However T intervals do have several attractive fea-

tures. First, T intervals arecomputedfor each
� �

� separatelywhile CI intervals must

essentiallybe simultaneouslycomputedfor all
� �

� . Second,T intervals aresimpler

to computethanCI intervals sincethey requiremaximizationof a polynomial in ��� (for

each� ) which canbe performedby determiningthezeroesof thederivative polynomial.

The latter is not a practicaltechniquefor constructingCI intervals. A third featureof T

intervals not necessarilypossessedby CI intervals is their monotonicityin
�

. Suppose
�

�

�

��� �

 ���

��� ���

is a
����� � ��� 	 �

�

���

interval at x for
�

� for %�3

�

 

�

andthat
�

�

���

� .

Thenoneexpectstheintervalswith largecoverageshouldcontainthosewith low coverage

for all outcomes;i.e.,

�

�

��� �

� �

�

��� � �

"��

�2�

��� �

� � �

��� �

$ ��


����� � �

�

 (24)

Tail intervalssatisfy(24) becauseof themonotonicityof L(E, � ) for tail setsE. Table1 is

anexampleshowing (24) neednothold for CI intervals.

The reasonwhy CI intervals canviolate (24) is that Algorithm 2.2 forms acceptance

setscontainingx with
!

�

��� �

assmallaspossible;it doessobecauseit deletespointsfrom

��� whenever possible,andaddspointsto



� only whennecessary. Geometricallytheac-

ceptanceregion tendsto stayin the“northwest”portionof � . At theexpenseof additional

calculationthe algorithm can be modi�ed to make violations of (24) lesslikely. Some

alternative proposalsfor acceptanceregionswill bediscussedin Section5.
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Figure5: Plotof
�

� �
 

���
 

�

�

�

Lengthof TM
� 	)�

�

�

Lengthof CI
� �

for nominal
��� �

Inter-
valswhen

�

�
�
 

���

�

3

��� �

 

� �

Table1: Valuesof �

� �

 

� �

and �

� �

 

� �

for Nominal
��� �

CI Intervals When
�

�
�� 

�
�

�

3

�����

 

� �

.

�

�

� �

 

� �

�

� �

 

� �

.05 -.545 .410

.10 -.426 .420

4.2 Comparisonof �
� and Coeand TamhaneInter vals

CoeandTamhane(1991)proposeanalgorithmfor constructingasystemof intervals(which

wewill denoteCT intervals)for ���

	

��� satisfyingthesameinvarianceproperties(statedin

Theorem3.1-3.3)as ��� intervals. While thealgorithmfor the � � intervalsbeginswith the

acceptancesetfor thecentralvalue ��3

�

andmodi�es it for subsequent� � values,theCT

algorithmbeginswith thesmallest� valuein theselectedgrid of � � valuesandmodi�es

this acceptancefor larger � values. The net result is that centraloutcomes(i.e., those

consistentwith estimated� valuesnearzero)tendto occurmoreoften in theacceptance

setsfor the �
� intervalswhile sampleoutcomesconsistentwith moreextreme� outcomes

tendto occurmoreoftenin theacceptancesetsof theCT intervals.Thiseffect is seenin the

threeexamples(
� � �

,
��� �+���

and
� � � �

) for which they reportcomparisons.CT intervals

tendto be shorterthan � � intervals in the “central” part of the outcomespacewhile � �

intervalstendto beshortedfor outcomesin the“northwest”and“southeast”cornersof the
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outcomespace.CoeandTamhanereportthattheir intervalshaveshorteraveraglengthover

all theoutcomesthan ��� intervalsfor thesethreeexamples.

On the otherhandCT intervals requiremoretime to computethan � � intervals. Coe

andTamhanereportthatCT intervals require4 timesasmuchtime as � � intervals for the
� � �

problemand8 timesasmuchtime for the
���+� ���

problem. They conjecturethe

differencewill increaseexponentially. Our conclusionis thatCT intervalsfall betweenthe

partitionmethodintervalsof SantnerandSnell(1980)andthe � � intervalsin computational

complexity. Thecomputationaltime of partitionmethodintervals increasesexponentially

in �&�

�

��� andarenot feasiblefor practicalwork.

5 Discussionand a WorkedExample

First somecommentsaremaderegardingtheuseandrunningtime of theFORTRAN sub-

routinefor computingCI intervalsavailablefrom theauthors.Thenanexampleis givenand

concludingremarkspresentedaboutpossiblemodi�cationsto thebasicalgorithmpresented

in Section2.

5.1 Remarksabout the FORTRAN Program

A FORTRAN subroutineavailablefrom theauthorsimplementstheAlgorithm of Section

2 for
�

�
�
 

���

�

with
�

�
�
�

� � �

���
�

� �

�

� ���

. Thepartitionof the � axis(whichdetermines

theaccuracy of theinterval) mustcontainno morethan1000points.Thefunction
$

�

	

 
�

�

is approximatedastheminimumvalueover �

�

�

�

; thecodeconstrainsthis � � partitionto

containnomorethan1000points.Theprogramrequiresabout6 (23)secondsof Decstation

5000CPU time to calculatethe family of 95% CI intervals for all 121 (441) outcomes
�

when �&��3

���

3 ���

�

�
� 3

� �

3����

�

andapartitionof size200is usedfor boththe �
� and

� axes.

5.2 An Example

Fisher(1935)studiestheeffectof geneticsoncriminaltendenciesby recordingthenumbers

of twinswhoarealsocriminalsfor 17criminalswhohavedizygotictwinsand13criminals

who have monozygotictwins. Theproportionsof twins in thedizygoticandmonozygotic
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groupswhoarealsocriminalsare2/17= .12and10/13= .77,respectively, with anestimated

differenceof
!

� (2, 10)= -.65 for the two groups.Table2 lists the95%T andCI intervals

for thetrue � . TheCI interval is interior to theT interval with theCI interval having length

.51andtheT interval length.57.

Table2:
��� �

T andCI Intervalsfor � BasedonFisher's CriminalTwin Data

Method � �

T -.873 -.306
CI -.848 -.335

5.3 Concluding Remarks

Thealgorithmpresentedin Section2 doesnot performsubstitution(checkingfor theexis-

tenceof equalsizedacceptanceregionsmeetingtheprobabilityrequirementandchoosing

amongthembasedon acriteriasuchasbalanceof the`tails'). Blyth andStill (1983)found

that,for testing 0
1 : ��3 �

1 , choosingamongthefamily of equalsizedacceptanceregions

the
�

�

�'1

�

3

���

�

�'1

�

 �
�
�
- ��

�

�'1

�
�

whichminimizesthetail difference

�

�
���

�

� �

�

	�� � 	

�
���

�

�

�

� �

� �

�

producedthesystemof intervalswhich mostnearlyhadtheadditionalintuitive properties

that they were increasingin
�

, andhadendpointsincreasingin !

� . Intuitively, the effect

of not implementingsubstitutionis that the interval endpointschangemoreslowly thanif

substitutionis allowed.

Thusseveral analogsof substitutionby `tail balancing'wereimplementedfor the ac-

ceptanceregions
�

�

� �

�

beforerecommendingthe algorithmof Section2. For example,

if
�

�

� �

�

3 ��� � ����� ���

�
�


� �	� � ���




� with
	��

� � � � �

�

is constructedby

thealgorithmin Section2, thenwe consideredalternative acceptanceregionsobtainedby

substitutingy in thecomplementof



� for x in �
� andchoosingas

�

�

�
�

�

theregionwhich

minimizes

�

�"!

�

�

�
��
 ���

�

lower tail of
�

�

�
�

�
��	

�
��
 ���

�

upperof
�

�

�
�

�
�

�

*

�
�

�

�

�

�
�

�
�
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However empirical comparisonsof the systemsof intervals producedby the Section2

algorithmwith thesemodi�cations showed noneof the variantsproducedintervals with

markedly superiormonotonicitypropertiesin
�

or
!

� . Of course,all requiredgreatercom-

putationaltime. In part,thedif�culty is causedby thepresenceof thenuisanceparameter

� � .

SantnerandSnell(1980)show how tail intervalscanbeconstructedfor therelative risk

��3 ���

�

��� . Theresultsof this papersuggestCrow � intervals canalsobeexpectedto be

superiorto the � tail intervals. Oneproblemin constructingsuchintervals is that � ranges

over thein�nite interval
� �

 ��

�

ratherthana �nite one.HoweverCrow typealgorithmscan

directlybeconstructedfor amonotonefunctionof � whichhasboundedrangesuchas

�

�

"

� �

�

�

� * � �

 ��

��� � �

 

� ��� �

 

��


�

�

"��

� �

�

�

� *�� �

 ��

��� � �

 

� �

 

��


�

�

�
�

*�� �

 ��

��� � �

 

� �




Finally, wenotethattherearecircumstancesin which it is reasonableto considerinter-

valssatisfyinga modi�cation of thebasiccoveragerequirement(1). Oneobvious caseis

whenthereis prior informationaboutthelocationof �&� and��� which canbewritten in the

form of adensityfor
�

� �
 

���

�

thenit is straightforwardto determinethecorrespondingprior

density�

�

�
 

�-�

�

. In thiscaseit is reasonableto requirecon�denceintervalsto satisfy
	

� �

� �

	

' � � �

����
 ��� �

�

��� � �

�

�

�

��� �
�

�

�

�
 

���

�

� � � ���

� � 	8�




Evenin theabsenceof prior
�

���
 

���

�

informationit might still bereasonableto weaken(1)

by only requiring

	

� �

� �

	

' � � �

� ��
 ��� �

�

��� � �

�

�

�

��� �
�

� � �����

� � 	8�




Fujino andOkuno (1984) develop systemssatisfyingthe latter requirementfor the one-

samplebinomialproblem.

APPENDIX
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We prove that, in Step3.1, thereexists a set



so that
$

�

�

�

�




 � � � �

� �9� 	��




Suppose
�

3

�

�

���

�

satis�es
$

�

�

 ���

� � �&	+�

; thesetof pointsx not in
�

is of theform

���




whereall x
�

� satisfy
!

�

��� �

�

� !#"��

!

�

�

�

� *

�

�

���

andall x
�




satisfy
!

�

��� � �

�

�"!

�

!

�

�

�

� *

�

�

� �

Thepointsin � havebeenpreviouslyeliminatedwhile all thepoints

in



arecandidatesto be added.It suf�ces to show � musthave small probability mass

underany
�

�  �-�

�

with �

&

��� ; i.e.,

�

�

�  �

�

�

�

for all �

&

� � (25)

where
�

���

 �

�

3

�����

��� %
	�� � �

�

� 
 � �

�

�  � �

�

. Since
�

�

�  � �

� � �

, it suf�ces to prove

that
�

�

�
 

�

�

is nonincreasingin � .

Theorem 5.1 For any � �

�

� �

�

�

�
 

�(�

� �

�

�

�
 

� �

�

Proof: It suf�ces to show

����� 
 ��� �

�

�+�

�
���

��



 ���
�

�

�

(26)

and

���
�


 �
�

�

�

�

�-�
 

�'�

�+�

�
� � 
 ���

��


�

�

�

(27)

for any �

&)�

provided that � � , ��� , ���
�

� , and ���
�

� areall in [0, 1]. Theproof of (27)

is similar to that of (26) andhenceonly (26) will be given. For % 3

�

 �
�
�
  
� � de�ne � �

3

�

���

 
%

� �

�

�

. If
���

 
%

� �

� then
���

 
%

� �

�
� for every

� �

�

�

 �
�
�
  

�'�

; i.e.,each�
� is a

vertical latticeof consecutive pointsbeginningat thehorizontalaxis. It is well known that

for each
�

,
����� �

*2�

�

�

�

 �
�
�
- 

�'� �

is nonincreasingin � � . Thus,if
�

�'3

�

�"!

�

�)*'���

 
%

� �

�

�

, then

� � � 
 �����

� �

�

3

����� �

*2�

�

�

�

 �
�
�
- 

�

�

� � �

����� �

*.� 3 %

�

is alsononincreasingin � �

 It follows that

�����

�

�

���
 

���

�

3��

�

�

��� 1

�����

�	�

�

is nonincreasingin � � andtherefore(26)holds. �
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