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Abstract: In the last ten to fifteen years many phenomena that could only be studied us-
ing physical e periments can no be studied by computer e periments d ances in the
mathematical modeling of many physical processes in algorithms for sol ing mathematical
systems and in computer speeds ha e combined to ma e it possible to replace some phys-
ical e periments ith computer e periments In a computer e periment a deterministic
output is computed for each set of input ariables his paper is concerned ith
the commonly occuring situation in hich there are t o types of input ariables: suppose
here is aset of manufacturing control ariablesand 1is aset of en i-

ronmental noise ariables anufacturing ariables can be controlled hile en ironmental
ariables are not controllable but ha e alues go erned by some distribution e introduce a

se uential e perimental design for finding the optimum of here the
e pectation is ta en o er the distribution of the en ironmental ariables he approach is
ayesian the prior information is that is a dra from a stationary aussian stochastic

process ith correlation function from the atern class ha ing un no n parameters he
idea of the method is to compute the posterior e pected impro ement o er the current
optimum for each untested site the design selects the ne t site to ma imi e the e pected
impro ement  he procedure is illustrated ith e amples from the literature
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any physical systems can be modeled mathematically so that responses are computable
for specified inputs using numerical methods that are implemented by comple computer
codes ore ample ernardo wuc iu a aret ac sand elch used computer-
aided design simulators to model current reference and oltage shifter circuits ayloc
and agan modelled the radiation dose recei ed by body organs after ingesting
radioacti e iodine  hang  illiams ot  antner and artel used finite-element
methods to model pro imal bone stress shielding resulting from an in i o hip prosthesis e
refer to such settings as ¢ tr r ts to contrast them ith physical e periments
nli e physical e periments here random error is a fundamental part of the model the
output of computer e periments is generally deterministic In addition obser ations from
computer e periments can be e pensi e and time consuming to collect  his is a conse uence
of the comple ity of the code and or the large number of input ariables  hus in many
applications it is impractical to compute the response on a large grid of input ariable alues
this di culty has led in estigators to de elop statistical methodology to allo the response
to be accurately predicted throughout the input ariable space based on a small training
sample of computed responses
o basic statistical frame or s ha e been e plored in de eloping predictors for appli-
cation to computer e periments ac s chiller and elch and elch uc acs
ynn itchell and orris adopt a modeling approach in that they regard the de-

terministic response as a reali ation of a random function rom an alternate philosophical



ie point urrin  itchell orris and 1 isa er and agan ma e clear
that the pre ious approach is essentially a ayesian formulation of the problem here a
random function represents prior information about the deterministic function
ne important goal of computer e periments is to find input alues that optimi e the
response  he problem of minimi ing deterministic responses has been studied e tensi ely
in the mathematical programming literature but essentially all such techni ues re uire far
too many function e aluations to be used in most computer e periments Instead arious
statistical predictors ha e been used in con unction ith traditional numerical algorithms
to sol e such problems ne e ample is ernardo et al ho carry out a se uential
strategy for response minimi ation he response is predicted throughout the full input space
based on an initial design If the predictor is su ciently accurate then it is minimi ed
ther ise a promising subregion of the input space is determined and the response is
predicted throughout the subregion based on a second-stage design If the predictor is
su ciently accurate in the subregion it is minimi ed ther ise this process mo es to
a third stage and continues in this fashion until ade uate prediction accuracy is obtained
ones chonlau and elch and chonlau elch and ones introduced a
criterion-based se uential strategy for response minimi ation his also begins ith an
initial design but proceeds subse uently by choosing points one at a time or in groups
to ma imi e a criterion that fa ors inputs in regions here either the predicted response is
small or here there is relati ely large prediction uncertainty  he true response is calculated

at each selected point the predictor is updated and the algorithm continues until relati e



changes in the criterion alue become negligible
his paper considers the fre uently occurring situation in hich the input ariables can
be di ided into t oclasses ¢ ¢r ariables and r ta ariables or computational
con enience e assume that the en ironmental ariables ha e finite support  ur ob ecti e
function depends only on the control ariables: for each fi ed setting of the control ariables
the ob ecti e function is the mean of the deterministic response o er the distribution of the
en ironmental ariables hus e see to minimi e a eighted a erage of the response o er
the alues of the en ironmental ariables
or e ample in the hip prosthesis problem of hang et al the control ariables
specify the geometry of the implant and the en ironmental ariables account for ariability
in patient bone properties and acti ity  he deterministic response as pro imal bone stress
shielding and the goal of the problem as to determine the combination of control ariables
that minimi ed stress shielding a eraged o er a discrete probability distribution for the
en ironmental ariables  ore generally the classification of inputs as control ariables or
en ironmental ariables applies in many manufacturing settings here some inputs a ecting
a process can be controlled hile others cannot or e ample elch u angand ac s
ere interested in minimi ing the cloc s e s of a ery large scale integrated circuit
he control ariables ere the idths of si transistors and the en ironmental ariables
ere ualitati e indicators of their current dri ing capabilities
e consider an e tension of the e pected impro ement algorithm of ones et al

to carry out this type of ob ecti e function minimi ation e cannot use their e pected



impro ement algorithm because it re uires direct obser ation of the ob ecti e function at
each selected point  his ill not be possible in many applications due to the enormous
computational burden of calculating the a erage response s an e ample consider again
the hip replacement problem described in the pre ious paragraph he support of the
en ironmental ariables as restricted tot el e points hus ¢ r s of the code are
re uired to calculate the ob ecti e function at each control ariable setting of interest  ach
run of the finite element code re uires fi e to ten hours so that it could ta e fi e days to
calculate a single alue of the ob ecti e function

ur algorithm attempts to optimi e the ob ecti e function using a predictor of the mean

function In brief the algorithm proceeds as follo s:

alculate the responses on an initial space-filling design

se the information from these runs to select the ne t point according to a modified

e pected impro ement criterion

ontinue selecting points using the necessary information from all of the pre ious runs

until a stopping criterion is met

In ection e discuss the statistical approach ta en in this paper = modified e pected
impro ement algorithm is presented in detail in ection  and three e amples are gi en in
ection hese e amples use closed form test functions to allo the optimum found by the
algorithm to be chec ed ith the true optimum ection contains a discussion of se eral

important issues regarding implementation and e tensions of the algorithm  he appendi



presents details that e ha e found useful in implementing the algorithm

e follo the ayesian frame or proposed by many authors and assume that prior un-
certainty about the deterministic response for compact I is represented by the
stationary random function for here is an un no n constant
and is ta en to be a ero-mean stationary aussian stochastic process ith un no n

ariance  and correlation function he parameter  represents the global mean of
the  process he function determines the correlation bet een the random responses
at any t o input sites in tationarity implies that is translation in ariant so that

the correlation calculated for any t o input sites and in  depends only on
he correlation functions commonly used in practice are members of some parametric

family  he de elopment of ection assumes that the correlation function depends on an

un no n parameter ector In the e amples of ection e follo andcoc and tein
and use the class of correlation functions:

here and are the -th coordinates of and ere and is the

modified essel function of order he parameter controls the strength of correlations

in the -th input ariable dimension arger alues of these range parameters are associated

ith increased dependence bet een the random responses at any t o fi ed input sites  he



parameter controls the smoothness of the random field he  process is times
mean s uare di erentiable here  denotes the integer ceiling function In fact the sample
paths of the  process are almost surely times continuously di erentiable see ramer
and eadbetter ecs and

e adopt a ayesian ie point and assume the noninformati e prior distribution

for the parameter ector

et and  represent the control and en ironmental ariable ectors and denote their
corresponding domains by and e assume that the en ironmental ariables ha e
appro imately a oint probability distribution ith finite support and associated

eights he b ct ct is gi en by

ur goal is to identify the control ariable settings  that minimi e argmin
rior uncertainty in is induced directly from the  process the prior of can

be described by the distribution of

s discussed in the introduction the first stage of the modified e pected impro ement

algorithm in ol es obser ing the response at each site in an initial space-filling design



enote the control ariable portion of by

ith this notation let denote the random ector of responses associated ith
and the random ector of ob ecti e function alues associated ith etting
min the r tat control ariablesite is defined to be
ma

efore proceeding e note t o ey ays in hich the specification of impro ement
gi en in ones et al di ers from that used in this paper  irst they replace the
ra ar ab ith the uantity min the minimum
of the obser ed responses on as noted abo e is un no n because there are no
direct obser ations on the ob ecti e function econd they replace by ur
changes re ect the fact that e are concerned ith minimi ation of the mean of o er
the en ironmental ariables

ith the abo e notation e can summari e the proposed algorithm

hoose the initial set of design points according to a space-filling
criterion e use the soft are of elch to choose a ma imin distance
design in the set of atin ypercube ampling designs

stimate the correlation parameter ector by the ma imi er of the posterior density

of gi en from

hoose the -st ¢ tr ariable site to ma imi ethe str r ct



r t gi en the current data ie

argma

here denotes the posterior conditional mean gi en the obser ed data

and the correlation parameter ector

hoose the r ta ariable site corresponding to the control site to min-
imi ethe str r a s ar r ct rr r gi en the current data ie
argmin
here is the posterior mean gi en in based on the -point
design

etermine if the algorithm should be stopped If the stopping criterion is not met set
and calculate the underlying response at
hen set to and continue ith If the criterion is met the global minimi er
is set to be the minimi er of the empirical best linear unbiased predictor

based on the current design pecific stopping criteria are discussed in the e amples

of ection
he optimi ations re uired in and are carried out using the simple algorithm of
elder and ead he starting simple is determined randomly repeated attempts

are made to find an optimal solution to a oid getting trapped in local optima



he follo ing result discussed in agan is used throughout

et and denote and random ectors ha ing the aussian
distribution
here I and It is assumed that the elements of each and are
no n each has full column ran and the correlation matri is positi e definite et
the parameter ector ha e the noninformati e prior distribution for
I and he posterior distribution of gi en is - ariate

here denotes a - ariate shifted -distribution ith

location shift mean scale matri and degrees of freedom e ha e

for

and

e obtain a simplified e pression for the posterior e pected impro ement  ote first that

o e aluate the inner e pectation e re uire the posterior distribution of gi en
and efine the ector and the ector as follo s:

and



ere is the random ector of responses at control site  paired ith

each en ironmental support point and is the random ector of responses at the control

sites combined ith each of the en ironmental support points i en the ran-
dom ector has a oint aussian distribution ith mean

and co ariance matri for here is the ector of ones
and is the matri of correlations bet een the responses in the corresponding random

ectors ecause aussian random ectors remain aussian under linear transformations

e see easily that gi en has a aussian distribution ith
mean and co ariance matri

here and ere denotes the

identity matri is the ector of probabilities eights defining the

uncertainty distribution of the en ironmental ariables and denotes the ronec er outer

product operator  he missing entries in the co ariance matri are defined by symmetry

he posterior distribution of gi en and is a shifted uni ariate
pecifically let denote a uni ariate -distribution ith mean  scale parameter
and degrees of freedom and and

It follo s from esult that



here

and
he distribution results in the posterior mean of gi en and
here and denote the standard cumulati e distribution function and density
function ith degrees of freedom  ppendi contains a discussion of some computa-
tional simplifications regarding this calculation he t o terms in ha e simple intuiti e
interpretations  he first term is large  hen the prediction of is small he
second term is large  hen the prediction uncertainty of at is large hus
the posterior e pected impro ement criterion in ill choose roughly in an area
of the control ariable space here is predicted to be small r here there is high
uncertainty in the prediction of
he posterior e pected impro ement of is estimated by onte arlo simulation
random sample of si ¢  is obtained from the posterior distribution of gi en and
or each sample the minimum loss is obtained and the e pectation in is computed

he estimate of the posterior e pected impro ement is ta en to be the a erage of these

uantities o er all obser ations  ote that the posterior e pected impro ement can be



estimated at any control site  using the sa onte arlo sample his follo s from the
fact that the posterior distribution of gi en and does not depend on e no

obtain this posterior distribution and describe ho to sample from it

roceeding along the same lines as before e find that gi en the random
ector has a oint aussian distribution ith mean and co ariance matri
rom esult the posterior distribution of gi en and is - ariate :
here
and Iso

e sample from the posterior distribution of in t o steps

ample from a chi-s uare distribution ith degrees of freedom and denote the
result by et
ample gi en and from a - ariate normal distribution ith mean

and co ariance matri

he selection of the en ironmental ariable site re uires the e aluation of the e pectation

in etting be the s uared prediction error at



and this is performed by first noting that

ecall that is ta en to be the posterior mean of gi en
and ence an analytic e pression for the inner e pectation can be obtained upon specifi-
cation of this posterior distribution efine the ector as
ere is the random ector of responses at the -st control site

and each en ironmental support point e re uire the follo ing correlation matrices

and ectors:

orr orr

orr orr

In addition let and

It follo s from esult that the posterior distribution of gi en

and is uni ariate :

here

and he



posterior mean is the best linear unbiased predictor of based on the design

hen

hich is the ariance of the posterior distribution in

closed form e pression for the posterior mean s uare prediction error of at
can be obtained et denote the posterior mean of gi en and
efine hich is
ust ith in place of a ing the outer e pectation in of the
uantity in gi es
he formulas for and ere gi en in con unction ith the posterior distribution
of ome computational simplifications in ol ing calculation of the posterior mean s uare

prediction error are discussed in  ppendi
In this presentation all posterior distributions are gi en up to the un no n correlation
parameter ector he probability density function of the posterior distribution of gi en

1S




here is a prior distribution on the permissible range of alues for the correlation
parameters see andcoc and tein ecall from that It is possible
to carry out a fully ayesian analysis by using to integrate  out of the posterior

distributions gi en abo e o e er e adopt the simpler approach of setting e ual to its

posterior mode and then proceed by substituting this mode for here er necessary  he
posterior mode is the restricted ma imum li elihood estimator of  see ressie
ec

he follo ing e amples illustrate the operation of the modified e pected impro ement algo-
rithm 1l calculations are made ith the atern family of correlation functions described
in ection he correlation parameter ector is gi en by he test

functions are ta en from i on and ego

In this e ample e assume the response is the product
here
— — — o8
is the ranin function and lie in he ranin function is defined on the

domain inl eta e and to be the control ariables



and and  to be the en ironmental ariables
he oint distribution of the en ironmental ariablesis gi en in able he true ob ec-

ti e function is obtained from using these eights

able : robability distribution for  and

he modified e pected impro ement algorithm as runt ice once to predict the global
ma imi er and once to predict the global minimi er of this ob ecti e function ach run of the
algorithm asstarted ith the same -point ma imin distance design generated by the
soft are pac age igure gi es perspecti e plots of the true ob ecti e function and
the of this function based on the -point initial design  he global ma imi er  of
the true ob ecti e function is located at ith he global minimi er
is located at ith ote that the response surface

is poorly predicted from the initial design
igures and sho contour plots of the true ob ecti e function along ith the pro ection
of some of the points added by the modified e pected impro ement algorithm hen finding
the ma imum and minimum respecti ely  he algorithm as run ith onte
arlo samples to estimate the posterior e pected impro ement In both cases the pro ections
of the same initial -point design onto space the control ariable space are denoted

by open circles he modified e pected impro ement algorithm added  points to predict



igure : rue ob ecti e function left panel and based on initial -point design

right panel

the global ma imi er hile it added points to predict the global minimi er o enhance
isibility a selection of these points are indicated on the plots according to the order in
hich they ere added to the design
In its search for the global ma imum the modified e pected impro ement algorithm fo-
cused on the regions of the control ariable space near the global ma imum and the promi-
nent local ma imum at ith a fe searches along the lo er boundary due to
the large standard errors of prediction there  he algorithm as stopped at the -point
design because the e pected impro ements of the points are small relati e to the e -
pected impro ements on the order of obser ed in pre ious steps  he algorithm
should not be terminated after the obser ation of a single small e pected impro ement be-
cause it can get trapped in a local optimum o e er a longer series of small e pected
impro ements suggests that the algorithm can be terminated ote that smallness of the

e pected impro ement is established relati e to pre iously obser ed e pected impro ements



igure : ro0 ection of a selection of points from the se uential design for predicting the
global ma imi er of the ranin function he integers se uentially identify points chosen by

the algorithm

he predictor of the global ma imi eris ta en to be a point ~ that ma imi es the
based on the final -point design  his point is
In searching for the global minimum the modified e pected impro ement algorithm hea -
ily isited the region of the true global minimum and fre uently isited the regions of local
minima at and able gi es the e pected impro ement for
the last ten points added by the algorithm  he algorithm as terminated at point

because the e pected impro ements appear to ha e stabili ed and are small relati e to pre-



igure : ro0 ection of a selection of points from the se uential design for predicting the
global minimi er of the ranin function he integers se uentially identify points chosen by

the algorithm

ious alues  he predictor of the global minimi er based on the calculated from
the final -point design is ith hus the

predicted global minimum is ithin of the true global minimum
Il computations ere performed on a un ltra or minimi ation of the ranin

function once correlation parameter estimates had been obtained the search component of
the modified e pected impro ement algorithm re uired s to find the first site added and

s to find the final site added  his time increases ith design si e due to the larger



oint pected Impro ement oint pected Impro ement

able :  pected impro ement for last ten points of final design

systems of linear e uations that must be sol ed ur correlation parameter estimation
algorithm re uired s to obtain initial estimates of the correlation parameters
and s for final estimates If the po er e ponential class of correlation functions gi en
by elch et al is assumed for these calculations our times are s and S
If the a aussian tochastic rocess soft are de eloped by elch is used to
obtain ma imum li elihood estimates of the po er e ponential correlation parameters these

times can be reduced further to s and S

he function

ep
defined on the si -dimensional unit hypercube is no n as the artman function
here the uantities and are gi en in able he underlying response is
ta en to be a logarithmic transformation of the artman function log
he control ariables are ta en to be and the en ironmental ariables are

e assume en ironmental ariables are distributed independently ith the

marginal distribution of each ariable gi en in able It is a discreti ation of a triangular



able : oe cients for artman function

distribution ith support on se en points he resulting oint distribution pro ides the

eights used in to obtain the true ob ecti e function

robability

able : arginal probability distribution for and

he modified e pected impro ement algorithm as run to predict the global minimi er of

this ob ecti e function  he posterior e pected impro ement as estimated ith
onte arlo samples he algorithm started ith a -point ma imin distance design
generated by the soft are pac age and it added points until it stopped he
algorithm as stopped at the -point design because the e pected impro ements of the
last three points added are small relati e to the e pected impro ements on the order of
obser ed pre iously able gi es the e pected impro ement for the last ten

points added by the algorithm

oint pected Impro ement oint pected Impro ement

able :  pected impro ement for last ten points of final design



he algorithm as not stopped at points or  because the small e pected impro ements

at these points ere follo ed by substantially larger e pected impro ements  he true global

minimi er of the ob ecti e function is ith
on the original scale ~ he minimi er of the based on

the -point final design is ith
on the original scale hus the predicted global minimum is ithin of the

true global minimum
he search component of the modified e pected impro ement algorithm re uired s to
find the first site added and s to find the final site added  ur estimation of the
atern correlation parameters re uired s and s and our times ere s and
s for the po er e ponential correlation parameters a imum li elihood estimation of

the po er e ponential parameters using a  re uired s and S

0 obtain estimates of the correlation parameters the modified e pected impro ement al-
gorithm re uires the specification of an initial e perimental design at hich the responses
are calculated e ha e used ma imin distance designs ho e er other initial designs
ha e e ual intuiti e appeal or e ample the cascading designs of andcoc
contain both space-filling and local components  he latter designs may yield estimates of
the process ariance and correlation smoothness parameters that are superior to those that

are obtained from designs that only contain a space-filling component such as ma imin



distance designs ulti-stage initial designs that contain a space-filling stage to obtain
estimates of the correlation parameters follo ed by a prediction-based stage to impro e the
uality of the predictor could also be in estigated  he choice of initial designs is an area
of acti e research
n important issue not considered in this paper is the choice of sample si e for the initial
design  he initial design should not be too small because this can result in a poor estimate
of the correlation parameters and can substantially increase the number of points that ill
need to be added by the se uential optimi ation strategy n initial design that is too large
ris s asting obser ations that are not needed he si es of the initial designs e used ere
chosen based on informal guidelines from the literature for predicting the response ones
et al oour no ledge there are no formal results regarding the choice of sample
si e for computer e periments and this is also an area for further research
It is important to note that no formal rule for stopping the modified e pected impro e-
ment algorithm has been gi en  here are t o ma or reasons for this irst the e pected
impro ements at each stage of the algorithm are not monotone decreasing  he estimates
of the correlation parameters are updated after each ne point is added and this combined
ith information in the ne obser ed response a ects the prediction uality and uncertainty
throughout the control ariable space  hus although the e pected impro ement generally
decreases the circumstances present at any particular stage of the algorithm do not prohibit
finding e pected impro ements that are larger than pre iously obser ed econd the si e

of the e pected impro ements depends on the scale of the response as can be seen from



the e amples in ection hese t o factors preclude easy identification of a relati e or an
absolute stopping criterion
he number of points that need to be added by the algorithm before termination can
depend hea ily on the properties of the ob ecti e near the global optimum If the ob ecti e
is relati ely at ith little cur ature near the global optimum or has se eral local optima
ith ob ecti e function alues near that of the global optimum the algorithm ill run much
longer than if the global optimum is clearly identifiable = he ranin function e ample of
ection illustrates this phenomenon as the global ma imum stands out clearly hile the
surface is at around the global minimum ith t o local minima ha ing similar function
alues to the global minimum
his paper focuses on optimi ing the mean of In practice other functionals of
this distribution may be of greater importance or e ample the median or other uantiles
of or ar may be of interest
or isunder aytoe tend the modified e pected impro ement algorithm to the problem
of optimi ing one ob ecti e function sub ect to a constraint on another ob ecti e  his setting
occurs often in practice see for e ample hang et al and chonlau et al his
problem is complicated by the need to estimate the correlation structure bet een the t o

ob ecti es

his or as sponsored in part by the ational Institutes of ealth rant -

e than there ie ers and editor hose suggestions resulted in impro ements to the paper



ach component of the matri in is needed in the computation of the impro ement
criterion It is possible to deri e simpler e pressions for some of these components by
ta ing ad antage of the product structure of the atern correlation function  ore generally
suppose the correlation function has the follo ing form: here
is the -th coordinate of the -dimensional ector and the are one-
dimensional correlation functions  ithout loss of generality e suppose that the control
and en ironmental components of the input ector are grouped as follo s:

here e can rite as

here and are the -th control and en ironmental components of the

partitioned ector

et
and
ere is the correlation matri formed from the control ariable compo-
nents of the -point design ie from the points in he correlation ma-
tri is formed from the support points of the en ironmental ariable distribution

rom and he entry in the matri



of simplifies nicely:

et denote the en ironmental ariable portion of the -point design

efine the matri as follo s:

his is the cross-correlation matri formed bet een the en ironmental ariable components

of the design and the support points of the en ironmental ariable distribution ith
denoting the -th ro of this matri can be used to sho that
diag
here diag denotes a diagonal matri ha ing the as elements  he diagonal matri

in is denoted by

et be the ector of correlations
in ol ing the elements of and an arbitrary control site pplication of estab-
lishes the follo ing: diag and

e eral in ersions of the matri are needed to compute the e pected impro ement

hese in ersions are carried out by sol ing appropriate systems of linear e uations using
iterati e refinement Incorporating some of the simplifications presented abo e the generic

system that must be sol ed is:



his system is sol ed by finding the solutions tot o systems of linear e uations

irst is obtained by sol ing

econd the ector is obtained as the solution to the system hen

is computed as

he correlation matrices and ectors in are needed for the calculation of the posterior
mean s uare prediction error of e present simplified e pressions for these uantities
assuming the product correlation structure introduced in the pre ious section
It is clear that here is defined in et
denote the ector of correlations in ol -
ing the elements of  and an arbitrary en ironmental site and diag
denote the diagonal matri of correlations in ol ing the elements of  and
the -st control site found according to hen
and here is defined in inally e note that
is the ector of correlations in-
ol ing the support points of the en ironmental ariable distribution and an arbitrary en i-
ronmental site
e eral in ersions of the matri are needed to compute the posterior mean s uare

prediction error  hese in ersions are carried out by sol ing appropriate systems of linear



e uations using iterati e refinement Incorporating some of the simplifications presented

abo e the generic system that must be sol ed is:

his system is sol ed by finding the solution  to an system of linear
e uations and then calculating irst is obtained by sol ing

econd is computed as
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